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ABSTRACT

Ductile-Phase-Toughened Tungsten for Plasma-Facing Materials

Kevin Hawkins Cunningham

A variety of processing approaches were employed to fabricate ductile-phase-
toughened (DPT) tungsten (W) composites. Mechanical testing and analytical modeling
were used to guide composite development. This work provides a basis for further
development of W composites to be used in structural divertor components of future fusion
reactors.

W wire was tested in tension, showing significant ductility and strength. Coatings of
copper (Cu) or tungsten carbide (WC) were applied to the W wire via electrodeposition and
carburization, respectively. Composites were fabricated using spark plasma sintering (SPS)
to consolidate W powders together with each type of coated W wire. DPT behavior, e.g.
crack arrest and crack bridging, was not observed in three-point bend testing of the sintered
composites.

A laminate was fabricated by hot pressing W and Cu foils together with W wires,
and subsequently tested in tension. This laminate was bonded via hot pressing to thick W
plate as a reinforcing layer, and the composite was tested in three-point bending. Crack
arrest was observed along with some fiber pullout, but significant transverse cracking in the

W plate confounded further fracture toughness analysis.



The fracture toughness of thin W plate was measured in three-point bending. W
plates were brazed with Cu foils to form a laminate. Crack arrest and crack bridging were
observed in three-point bend tests of the laminate, and fracture resistance curves were
successfully calculated for this DPT composite.

An analytical model of crack bridging was developed using the basis described by
Chao in previous work by the group. The model uses the specimen geometry, matrix
properties, and the stress-displacement function of a ductile reinforcement (“bridging law”)
to calculate the fracture resistance curve (R-curve) and load-displacement curve (P-D curve)
for any test specimen geometry. The code was also implemented to estimate the bridging
law of an arbitrary composite using R-curve data.

Finally, a parametric study was performed to quantitatively determine the necessary
mechanical properties of useful toughening reinforcements for a DPT W composite. The

analytical model has a broad applicability for any DPT material.
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1. Introduction

The objective of this study is to develop the materials science of tungsten (W)
composites as candidates for plasma-facing components (PFCs) in future fusion reactors [1-
6]. Tungsten and W-alloys are the leading candidates for the PFCs of future fusion reactors,
such as the International Thermonuclear Experimental Reactor (ITER) and Demonstration
Power Plant (DEMO), because of their high melting point, strength at high temperatures,
and low sputtering yield [7-11]. In the design for ITER, W is implemented solely as a non-
structural armor in the divertor component. An excellent overview of the divertor design
may be found in recent work by Merola et al. [12] The goal for this study and others
worldwide is to develop structural W materials to enable advanced divertor designs [13].

Tungsten and most W alloys exhibit low fracture toughness (K;c) and a high ductile-
brittle transition temperature (DBTT) that would render them as brittle materials in pulsed
reactor operations [7, 9, 14]. The DBTT for unirradiated W-alloys typically ranges from
573K to 1273K (300 to 1000°C) and in a reactor environment radiation hardening would
further elevate this range [9, 15, 16]. Metallurgical approaches to toughen W alloys,
including alloying with rhenium (Re) and severe plastic deformation (SPD), have resulted in
modest DBTT decreases [15, 17]. However, they would be difficult or impossible to
implement, due to high costs and implications to irradiation hardening (W-Re alloys) or
complex processing demands (SPD) [18-20]. To prevent mechanical failure, a toughening
mechanism is needed for W before it can be considered an effective plasma facing
component material (PFCM).

There are several types of tungsten under consideration for fusion reactor

components. These include the oxide dispersion strengthened alloy WL10 (W-1.0La,05),



the cemented composite MT-185 (W-2.1Ni-0.9Fe), and other fiber-reinforced or laminated
composites with a variety of secondary/debonding phases [13, 21]. Composite development
is still in the early stages, and these materials are not available on a commercial scale.
W-alloys toughened by engineered reinforcement architectures, such as ductile-phase
toughening (DPT), are strong candidates for PFCMs. Previous work on a commercial W-Cu
material was promising, showing nearly a threefold improvement in fracture resistance over
monolithic W by reinforcing the matrix with 50% Cu by volume [2]. Copper is not a viable
reinforcement choice for DPT tungsten PFCMs because of its relatively low melting point;
however, it is useful for fabricating model composites because it is immiscible in W [22].
This study aims to demonstrate DPT in a model W composite, and to preserve and
advance the analytical modeling of DPT materials. This thesis will first describe the
experimental methodology and results of fabricating and testing W composites, followed by

the approach and results of computational efforts.

2. Experimental Procedures

2.1 Ductile Phase Toughening

In DPT, a ductile phase is included in a brittle matrix to prevent fracture propagation.
This is accomplished by the formation of an intact bridging zone behind the crack tip, which
provides reinforcement, resulting in an increase in the remote load stress intensity for
continued crack growth with increasing crack length [23-25]. The principles of DPT are
illustrated in Figure 2.1, which shows ductile bridging ligaments stretching across an open

crack in a W-Cu composite [3].



For a brittle material containing a suitable volume fraction of a ductile phase, a
highly effective resistance curve toughening mechanism develops as the crack extends. As
the crack propagates through a brittle matrix, it leaves a bridging zone of ductile ligaments
over a length L behind the crack tip. As the crack extends, L increases. The ligaments act in
opposition to the applied loading stress intensity factor, Ky p. This reduces the effective crack
tip stress intensity factor so that Kj ¢ < Ky p. For small-scale bridging, when the bridging
zone is much smaller than the length of the crack, the bridging zone size and the fracture
resistance both reach steady-state values. This study focuses on large-scale bridging, where
the material fracture resistance does not reach a steady-state value for a small test specimen.
The crack opening (A) increases with increasing distance behind the crack-tip until the

reinforcement breaks at its failure displacement, A, [23-25].

(b)

Kierr < Kyp

|

v

Figure 2.1. a) SEM image of Cu ligaments (indicated by black arrows) bridging a crack in a
W-Cu composite. b) Schematic of cracked material oriented showing crack-face displacement
(A) and bridging zone length (L). The effective stress intensity at the crack tip is shielded by
a reinforcing material (the shaded area) [3].

There are many choices for ductile phases. Copper is useful for fabricating model W
composites because it is immiscible with W and does not form brittle intermetallic phases

[22]. Another option explored in this study is W wire, which has high strength and some



ductility, and can be coated with a weak debonding interface material. Maximizing the
volume fraction of W in the final composite is preferable for reducing activation and plasma

contamination in a fusion reactor [26], so W wires are an attractive reinforcement option.

2.2 Materials

Elemental W powder of 99.95% purity with a particle size of 4-6um from Stanford
Materials was used in this study. An additional W powder, cryogenically milled from this
pure 4-6pum precursor at Aegis Technology, was also examined, but ultimately not used
because it contained tantalum oxide impurities. The pure powders were consolidated via
spark plasma sintering (SPS) to form pure W disks and composites.

Tungsten wires of varying diameter (15, 250, and 500 pm, 99.95% purity) were
ordered from Alfa Aesar for use as ductile reinforcements. Each wire size was tested in
tension, and 250-um wire was used in fabricating both sintered and hot-pressed composites.

Tungsten and copper foils were ordered from ESPI Metals (W, 99.98% purity) and
Basic Copper (Cu, 99.9% purity), respectively, with nominal thickness 127 pm. Both
materials were tested in tension and then used to fabricate a hot-pressed laminate.

Tungsten plate of 1 + 0.2 mm thickness and 99.97% purity was ordered from
Plansee, and subsequently sent to Production Lapping for lapping to smooth and parallel the
top and bottom surfaces. Surface roughness after lapping was measured to be less than 1
um. The material toughness was measured in precracked three-point bending and the plates

were used to fabricate a brazed composite.



2.3 Fabrication Techniques

2.3.1 Spark Plasma Sintering

Disk-shaped specimens were consolidated from elemental W powders using spark
plasma sintering. SPS is a rapid consolidation technique that uses an electric current to heat
a conductive powder directly (insulating powders are heated by the conductive die set)
combined with uniaxial compression in a vacuum chamber. Figure 2.2 shows a schematic

diagram of the SPS process.

Electric current Uniaxial compression

Graphite die

h
Powder

Figure 2.2. Schematic diagram of SPS process. An electric current heats the die set and
powders. The powder is loaded in uniaxial compression.

The powder was loaded under an argon environment into a 20-mm inner-diameter

graphite die with a layer of 0.15” graphite foil between the powder and die. Additional



specimens were prepared using 0.005” niobium (Nb) foil instead of graphite foil, to reduce
formation of tungsten carbide [27]. When using Nb foil, one layer of foil was used for each
face of the disk, and two layers were used around the circumference of the die. An initial
study of the effect of temperature and dwell time on density was carried out to optimize the
process. Composites were fabricated by laying up coated W wires within the W powder in
the SPS die and consolidating the mixture.

Sintering temperatures between 990 and 1900 °C were used for various specimens as
detailed later in this report. Dwell times up to 1 hour were used. The heating rate was 100
°C/min for each specimen, and continuous electric current was used (in contrast to a pulsed
current).

After sintering, the disks were polished to remove any residual graphite. The disks
were sectioned using a low-speed diamond saw (Buehler), then mounted and polished to 0.5
um. A 5 x 5 mm section was also cut for density measurements. The grain size was
determined optically after etching in a 30% hydrogen peroxide solution for 10 minutes in an

ultrasonic bath [28].

2.3.2 Electrolytic Plating

Copper is a good choice for fabricating model W composites because of its
immiscibility in W. Plating W wires with Cu was investigated as a means of creating a weak
debond layer for the composite. To prepare the wires for plating, first they were wiped with
mineral oil to remove large particles, then soaked in an ultrasonic bath at 50°C for 15
minutes (solution: 0.1g sodium carbonate, 0.3g sodium borate in 19.6g water). The clean
wires were plated at 50°C under direct current, 162 A per m* of immersed wire (aqueous

solution of 0.625M sulfuric acid, 0.4M copper sulfate, and 2 g/L urea) [29-31].



A small-scale plating apparatus was constructed using a rectangular bath (3 x 5 cm
by 10 cm tall) with three bus wires running above the plating solution. The two outer bus
wires were connected and Cu wire was hung from them to form the cathode. W wire was
hung from the center bus to form the anode (See Fig. 2.3 for diagram). Eight lengths of
tungsten wire were plated simultaneously for 35 minutes with approximately 8cm immersed

in the plating solution for each. Plating thickness was measured with a micrometer.

@

Cu

Cu

Figure 2.3. Top-down schematic of plating apparatus. The bare wire above the plating bath
allows multiple lengths of current-carrying wire to be suspended within the bath. The W and
Cu labels indicate the wire that hangs from each bus [2].

2.3.3 Carburization

Tungsten carbide was investigated as a potential highly stable debonding layer
because C is a suitable element for the divertor in terms of low neutron activation and
reduced potential for plasma contamination [26]. 12-mm lengths of 250-um W wire were
placed apart in loose graphite powder (2-15 um particle size, Alfa Aesar), and then
compacted at 35 MPa at ambient temperature in the SPS system. The compact was heat
treated at 1800°C for 1 minute under vacuum with a heating ramp of 300°C/min under a
minimum load of 9 MPa. Coated wires were cleaned in an ultrasonic bath to remove excess

graphite particles.



2.3.4 Hot Pressing

To avoid the issue of Cu melting and wicking during the sintering of a W matrix, a
hot-pressing fabrication route was developed for W wires sandwiched between W and Cu
foils, as illustrated in Figure 2.4a-b. The top and bottom layers were 127-um W foils. The
inner layers were the 127-um Cu foils, while the middle layer contained 250-um W wires.
The laminate was 50 x 50mm, with an average of 50 um at the shortest distance between the
parallel fibers. After hot pressing at 900°C at 38 MPa for 5 minutes, the W-wires were
embedded in the Cu, forming a 3-layer sandwich.

The W-foil / Cu/ W-wire sandwich reinforcement was then hot pressed between 4-
mm thick W plates, as illustrated in Figure 2.4c. Since the surface roughness of the
reinforcement was = 100 um, reflecting the underlying topology of the stronger W-wires, a
Cu bond layer of 127-um foil was used between the W-plates and sandwich. The volume

fraction of Cu was approximately 10% in the laminate as shown in Figure 2.4c.

©
| (@ i
eeeceece]
(b) /

Figure 2.4. Schematic diagram of hot-pressed reinforcement cross-section a) before and b)
after hot pressing, as well as c¢) the schematic diagram of hot-pressed bend specimen cross-
section. Dashed line indicates notch depth. Note that images (a) and (b) are the same scale,
while (¢) is not [4].



2.3.5 Brazing

Diffusion bonding of W to Cu via hot pressing was found to be inconsistent, so
brazing W plates with thin layers of Cu was explored. Lapped 0.85 x 50 x 50 mm W plates
were stacked alternating with 75-pum Cu foils, and secured with stainless steel wire. The W
plates were aligned using the rolling direction. One of the outer plates was rotated 90° from
the others, as will be discussed later. The layup was heated in an Ar-5%H; environment to

1113 °C at 15 °C/min and held for 6 s before cooling.

2.4 Measurements and Mechanical Tests

2.4.1 Microhardness Testing

The hardness of the SPS-consolidated W was measured using a Leco M-400A
microhardness tester. A series of 8-10 indents was made along the cross-section of each disk
with a load of 500g. Indent locations were chosen manually to avoid scratched areas. The
hardness of the W wire was measured before and after several high-temperature processing

steps using the same methods.

2.4.2 Density Measurements

The density of SPS-consolidated disks was calculated using a Micrometrics AccuPyc
1330 helium pycnometer. Disk sections were cleaned, dried, and weighed on a balance to an
accuracy of 10 pg. For each pycnometer measurement, the instrument was calibrated with a

reference volume and the sample volume was taken as the average of 10 measurements.

2.4.3 Tensile Testing
Tensile testing of 15-, 250-, and 500-um tungsten wire was performed using

techniques and equipment developed for ceramic fiber testing. The 15-um wire specimens

9



were prepared by mounting each length of wire to a rigid holder with epoxy, and then
severing the holder once installed in the grips. The 250- and 500-pm wire specimens were
prepared by sandwiching the ends of each wire section in epoxy between two polyamide
plates. Tests were performed at ambient temperature in air at a crosshead displacement rate
of 0.5 mm/min.

Tensile tests were performed on 127 um thick W and Cu foils at a strain rate of 0.011
min”' at ambient temperature in air, with a gauge length and width of 9 mm and 2 mm,
respectively. Specimens were prepared by punching directly from the stock material. Strain
was measured with a laser extensometer.

Tensile test samples of the hot-pressed W-Cu reinforcement (See Fig. 2.4b) were
EDM-cut with a gauge length, width, and thickness of 6.4 mm, 2.45 mm, and 0.8 mm,
respectively. The tensile direction was parallel to the wire direction. Tensile testing was
performed with crosshead displacement rates of 0.1 and 0.1125 mm/min at ambient

temperature in air.

2.4.4 Fracture Testing

Notched specimens of the W-WC sintered composite were tested in three-point
bending with the goal of observing debonding behavior during crack propagation. Notched
three-point bend test samples were EDM-cut with a test span, width, thickness, and notch
depth of 10 mm, 3.6 mm, 3.6 mm, and 0.5 mm, respectively. The crack propagation
direction was perpendicular to the wire direction. Bend testing was performed with a
crosshead displacement rate of 0.05 mm/min at ambient temperature in air.

For the hot-pressed W-Cu composite, notched three-point bend test samples were

EDM cut with a test span, width, thickness, and notch depth of 27.6 mm, 8.9 mm, 3.1 mm,

10



and 2 mm, respectively. The crack propagation direction was perpendicular to the wire
direction. Bend testing was performed with a crosshead displacement rate of 0.02 mm/min at
ambient temperature in air.

For the 1-mm W plates, notched bend bars were EDM-cut with dimensions 21 x 4.65
x 0.85 mm with a notch depth of 0.93 mm. Specimens were pre-cracked by standing them
upright in a load frame with the span along the fatigue loading direction as shown in Figure
2.5. The specimens were compression-compression fatigued at 20 Hz and the crack length
was observed at intervals of 10,000 cycles until reaching a length of approximately a/w =
0.3. The pre-crack depth was marked by applying a dye penetrant prior to fracture testing
and observed on the fracture surface. Tests were performed on a 20.5-mm span at ambient

temperature in air with a crosshead displacement rate of 0.05 mm/min.

Figure 2.5. Photograph of end-on compression fatigue setup for 0.85-mm thickness W bend
bars. A steel clip is used to help stand the specimen upright. A coin is shown for scale [5].

For the W-Cu brazed laminate, notched three-point bend bars were EDM-cut with
dimensions 21 x 4.65 x 2.125 mm with a notch depth of 0.93 mm. Specimens were
separated into “edge” and “face” categories, for which the direction of crack propagation
was normal to the edge or face of the ductile laminate layers, respectively. Specimens were
labeled “L” or “T” with respect to the rolling direction of the W plates they contained,

indicating if the crack propagation direction was parallel (L) or perpendicular (T) to the

11



rolling direction. Additional specimens were created with a mixture of L and T plates, called
L+T.

Several specimens were fatigued in three-point bending to attempt to develop a
precrack, without success. Those that did not develop a pop-in to a/w=0.9 were tested on a
20.5-mm span at a crosshead displacement rate of 0.1 mm/min.

The majority of brazed laminate specimens were pre-cracked to a/w=0.3 in
compression-compression fatigue, similar to the pure W plate specimens. Tests were
performed on a 20.5-mm span at ambient temperature in air at a crosshead displacement rate
of 0.05 mm/min. A microscope mounted on the load frame was used to observe the
increments of crack growth for correlation with the load-displacement data. The crack shape

at the end of each test was marked by oxidizing the W surface at 400°C in air.

2.5 Data Analysis

2.5.1 Tensile Testing

Engineering stress was calculated using the initial cross-section of the test specimen.
For the W wires, the yield stress was calculated using an analogy to the 0.2% strain offset
method, where the displacement divided by the initial gauge length was used instead of
strain. For the pure W and Cu foils, yield stress was calculated using the 0.2% strain offset
method. For the hot-pressed laminate reinforcement, engineering stress was calculated using
the initial cross-section of all material in the laminate, excluding porosity, for the initial
elastic loading. After the load drop, engineering stress was calculated assuming only the Cu

foils were intact.
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2.5.2 Fracture Testing

For three-point bend tests, the maximum load at each increment of measured crack
length was used to calculate the fracture resistance corresponding to the arrested crack
length following ASTM E399-12 [32]. For toughness measurements of brittle materials such
as the W plate, only the initial precrack length was used. For the W-Cu brazed laminate,
multiple crack lengths were measured during each test, giving rise to a resistance [Kjr(da)]
curve associated with crack bridging by the ductile layer.

Some composite test specimens were not precracked, and as such they cannot
provide real fracture toughness data. Nevertheless, these tests still guided fabrication efforts

by indicating whether debonding occurred between the matrix and reinforcement.

3. Experimental Results

3.1 Materials

3.1.1 Tungsten Wire

Table 3.1 summarizes the tensile properties of W-wire of various diameters. A
general trend of increased strength and decreased ductility is observed as the wire diameter
decreases. The tested specimens were examined microscopically to verify cup-and-cone
fracture to confirm uniform stress distribution in the wire. The ultimate strength reached a
remarkable value of 4.31 GPa in the 15-um wire, with about 1.0% total elongation. The

larger diameter wires had lower strength but showed greater total elongation.
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Table 3.1. Average values of W wire properties from tensile testing [4].

Diameter | Yield Stress | Ultimate Tensile | Total Elongation | Reduction in Area
(um) (MPa) Strength (MPa) (%) (%)
15 3.58 4.31 1.0 N/A
250 1.78 2.31 1.7 29.9
500 1.34 2.12 2.4 27.1

The 250-um W wires, used to make various composites, were analyzed with EBSD
to quantify how their properties evolved after several of the high-temperature fabrication
steps. After processing at 1900°C for 5 minutes during the carburization process described
above, a decrease in texture strength and a higher fraction of smaller grains was observed in

the W wire as shown in Figure 3.1.

(C) Grain Size Evolution In W-Wire
Through Carburization And Consolidation In W Matrix

B —r—T——7T—7T—T—TTT T T T T T T T T T T

0.2

W Pristine Wire
W Consolidated Wire

0.15

Fraction of all grains

0.1

0.05

01 05 09 13 17 21 25 29 33 37
Range - Grain size (microns)

Figure 3.1. Microstructure evolution in W wire during processing to form W-WC composite.
a) Pole figure contour maps for pristine wire showing {110} texture out of plane (axial
direction of the wire). b) Pole figure contour maps for W wire after consolidation in
composite showing qualitatively weaker {110} texture out of plane (more diffuse peaks). c)
Histogram of grain sizes shows a higher fraction of smaller grains after processing. Note that
in parts (a) and (b), the difference in the scan areas (110148 and 91875 data points,
respectively) convolutes a quantitative interpretation of the difference in the peak intensities
(13.58 and 9.55, respectively), requiring instead a qualitative comparison of peak sharpness.

The hardness of the wire decreased about 9% (from 673.6 to 613.0 HV) after 370
minutes at 900°C through 3 processing steps: 1) hot pressing at 38 MPa in vacuum for 5
minutes, 2) an oxide reduction in Ar-5%H, for 360 minutes, and 3) hot pressing at 34 MPa

in vacuum for 5 minutes.
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3.1.2 Tungsten and Copper Foils

Representative stress-strain curves for the pure tungsten and copper foils are shown

in Figure 3.2. The tensile properties are summarized in Table 3.2. The W-foil has a high

strength and limited ductility. The Cu-foil has low strength, but high ductility.

(a) Tungsten Foil Tensile Test (b) Copper Foil Tensile Test
W Foil 2/ Tension /w=2.014 mm/t=0.131 mm/|=8.051 mm CuFoil 4/ Tension /w=1.973 mm/t=0.129 mm /1= 8.971 mm
2500 T T T T 250 T T T T
2000 E - 200 i
N 1500 L . s 150 .
2 g
2 3 <4
H 1000 - ] 100 .
500 | . 50 | \ .
0 | | 1 1 0 L 1 1 M | .
0 0.005 0.01 0.015 0.02 0.025 0 0.05 0.1 0.15 02

Strain

025

Strain

Figure 3.2. Representative stress-strain curves for a) tungsten and b) copper foils. Note the
order-of magnitude differences for both the stress and strain axes between graphs [4].

Table 3.2. Summary of tensile data for W and Cu foils [4].

Material Yield Stress Ultimate Tensile Strength Total Elongation
(MPa) (MPa) (%)
W 1997.7 £10.5 2119.4+£4.5 34+1.3
Cu 130.2+4.6 218.7+4.9 169+3.3

3.1.3 Tungsten Plate

A summary of fracture toughness testing of the W plate in both the L and T

orientations is shown in Table 3.3. The average W toughness and standard deviations were

13.06 + 2.34 and 20.90 + 0.45 MPa m"” in the L and T directions, respectively.
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Table 3.3. Summary of fracture toughness tests for pure W plate [5].

Specimen a/w | Load (N) Toughness (MPa mo's)
L2 0.26 101.60 10.5
L5 0.28 98.96 10.7
L6 0.33 120.70 14.7
L7 0.27 129.73 13.6
L8 0.31 135.54 15.7
T2 0.27 195.29 20.5
T3 0.30 190.81 21.5
T6 0.27 199.55 20.9
T8 0.26 200.55 20.8

3.2 Sintered Composites
The results of the SPS consolidation study for pure W powders are summarized in
Table 3.4. These results were used to establish acceptable parameters for consolidating

sintered composites.

Table 3.4. Summary of SPS conditions and W disk properties.

Temperature | Dwell Time | Density Hardness Grain Size
(°C) (mins) (% Max) (HV) (pm)
1700 1 79.8 165.1 +6.1 6.1+1.5
1700 60 92.0 332.4+9.6 8.7+3.0
1900 21 91.3 322.0+9.2 9.0+2.8
1900 60 92.1 338.6 +7.3 13+£5.8
1900* 60 93.9 343.6 + 6.8 29+6.5
1900* 5 95.2 224.6 £3.3 7.2+38

The percent given for density references a maximum density of 19.3 g/cm’ for pure single-
crystal tungsten. In each case the heating rate was 100 °C/min approaching the maximum
temperature and the uniaxial pressure was 50 MPa. Asterisks indicate samples prepared using
Nb foil instead of graphite [2].

After electroplating, micrometer measurements indicated an average Cu coating
thickness of 30 um on the W wires. The carburization process resulted in a 12-um layer of
WC on the wire. The summary of SPS composite fabrication processes and outcomes is

shown in Table 3.5.
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Table 3.5. Summary of process parameters for SPS system and outcomes for composite
fabrication and W-wire carburization. Multiple lines per row indicate sequential processes on
the same material [3].

. Pressing | Heating rate | Dwell T | Dwell t
Materials (MPa) (°C/min) ©C) (min) Result
Cu-coated W wire + W 50 100 1700 5 C.u melte.d, found
1n matrix pores
. 50 100 990 25 Cu melted, found
Cu-coated W wire + W 50 100 1700 0 in matrix pores
. 35 - - - 12- pum WC
Wwire + C 9.5 300 1800 1 coating on W wires
. WC intact at
WC-coated W wire + W 50 100 1900 10 .
interface

In the case of the Cu-coated wires, neither direct sintering nor an attempt to partially
consolidate W at low temperature before finishing at high temperature was successful in
maintaining a Cu layer at the wire-matrix interface. Instead, a small amount of wicked Cu
was found via energy dispersive x-ray spectroscopy (EDS) to coat the porous matrix, as

shown in Figure 3.3. In contrast, the 12-um WC coating was intact after consolidation.

n 1 2 3 4 5 6 7 8 9 10
Full Scale 79513 cts Cursor: -0.086 (183 cts) keV|

10pm ! Electron Image
Figure 3.3. a) SEM image of a porous area in W matrix. Sample is single-temperature SPS
route for W powder consolidated around Cu-coated W wires. b) EDS spectrum shows Cu
detected in pore. The wire-matrix interface was characterized only by a change in porosity

between the dense wire and the slightly porous matrix, and showed no contrast in scattering,
microstructure, or chemistry (via EDS) [3].

No bridging was observed in the W-WC sintered composite, since the cracks ran
directly though the coated wire without any debonding as shown in Figure 3.4. Despite the

presence of some porosity at the WC-matrix interface, this may be due to the fact that the
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WC layer was strongly bonded to both the W matrix and wire. Further analysis of chemistry
and crystal structure may indicate the extent of reaction to form both WC and W,C, and may

help to explore the shift in fracture character in the wire from the edges to the center.

B = g Chl g N
AccV SpotMagn Det WD p—————— 200 um #AccV SpotMagn Det WD p——— 20um
5.1

900KV 30 795x  SE 49

KV 3.0 142x

Figure 3.4. SEM images at 2 different magnifications of a W-WC bend bar fracture surface.
White arrows indicate the direction of crack propagation. Red arrows show thickness of WC
layer. There is no evidence of debonding along the W-WC interface.

3.3 Hot-Pressed Composites

The results of laminate reinforcement tensile testing are summarized in Figure 3.5.
Note that the plot shows a single curve with a discontinuity, as the test was paused and
resumed after the W foils cracked. The reinforcement showed some evidence of fiber
pullout but no indication of plasticity in the W-wires. The outer W-foils cracked at the peak
stress, followed by fracture of the W-wires. Deformation occurred in the Cu layer at a much

lower stress until ductile failure.
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(a) Laminate Tensile Test
W-Cu Laminate 2/ Tension / w = 2.457 mm/t = 0.831 mm

0 —————————

600 |
[ Stress calculated assuming:]

500 |

4— All layers intact

400 |

Only Cu intact

Stress (MPa)

300 F
200 |

100 |

0 02 04 06 08 1
Displacement (mm)

Figure 3.5. Summary of laminate reinforcement tensile tests. a) The stress-displacement curve
uses the initial cross-sectional area of entire specimen for elastic loading, and the cross-
sectional area of Cu only for plastic region. b) Fracture surface of specimen 1. Necking is
seen in Cu but not in W foil or wire. ¢) Protruding W wire from specimen 2 suggests energy
dissipation by pullout [4].

The results of laminate fracture testing are summarized in Figure 3.6. The stress was
calculated using the applied load and initial geometry of the test specimen. In one test
(specimen 1), the crack propagated through the W plate up to the embedded laminate and re-
nucleated on the other side, leaving the reinforcement sandwich intact. At this point the
specimen could only sustain a low load of = 130 N. In a second test (specimen 2), cracks
grew from the notch parallel to the sandwich, before branching with one crack deflecting
90° and propagating up to the sandwich at the first pop-in stress drop. This crack arrested
and the stress increases again until the crack re-nucleated at the back of the sandwich
marked by the second stress drop. However, the laminate composite was still able to sustain
a significant load in this case, which actually then increased prior to a gradual drop-off
associated with continued deformation of the sandwich layer. Removing the Cu using a

nitric acid bath showed that several of the W wires had fractured between 0.075 to 1.4 mm
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away from the bending point, indicating that fiber pullout could play a role in the
mechanical response of the composite. Peak-load stress intensity factor values ranged from

20 to 34 MPa m®>.

(a) Laminate Bend Test Comparison
3-Point Flexure / Notched / alw = 0.22 / siw = 3.1

1400 LANLEEL AL DL L L DAL LR DL AL AL B LA AL AR B L

Specimen 1

- - Specimen2 |
1200 | ,\ -

1000 | Kig = 34 MPa m’’

Kir = 30 MPa m°?®

Ky - 20 MPa m"*

=

o

o
T

Stress (MPa)

600
400

200

0 0.1 0.2 0.3 04 0.5 0.6 07
Displacement (mm)

Figure 3.6. Summary of hot-pressed laminate fracture tests. a) Stress-displacement curves for
two specimens are compared showing calculated stress intensity at peak load points. b)
Specimen 1 after testing (notch side is bottom of image). c) Specimen 2 after testing [4].

3.4 Brazed Composites

Bend testing on the notched, non-precracked W-Cu laminate did not show pseudo-
ductile behavior, but crack bridging did occur. In Figure 3.7, the dye penetrant on the
fracture surface of the broken specimen indicates that when the specimen was still intact
with an a/w = 0.9, the Cu the reinforcement was bridging the crack. An increase in load-
bearing capacity and fracture resistance is not seen in these specimens because the applied
stress intensity needed to grow a sharp crack from the blunt notch tip was greater than that
needed to unstably propagate a sharp dynamic crack to a/w = 0.9, since the corresponding

crack opening profile does not activate a significant bridging traction.
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Figure 3.7. A representative fracture surface of W-Cu brazed laminate. Specimen was marked
with dye penetrant at a measured a/w = 0.9 before breaking. Notch is on the left side of
image. Lack of penetration through Cu layers indicates Cu was bridging the crack [5].

No face-orientation material was tested because the compression-compression
precracking method caused shear failure at the W-Cu interfaces. Edge-orientation fracture
was characterized by varying increments of unstable crack growth followed by crack arrest
(pop-ins) due to the Cu reinforcement, as illustrated in Figure 3.8 from an L+T oriented
specimen. A representative fracture surface image of a heat-tinted sample is shown in Figure

3.9 from the same L+T specimen.

(a)

(b)

Figure 3.8. Comparison of two successive images taken during three-point bend testing on W-
Cu laminate (specimen O3-2). a) The crack at a/w = 0.36 grows unstably b) to a/w = 0.76
before being arrested by the Cu reinforcement. Arrows indicate the crack tip in each image,
and the vertical line at right indicates the edge of the specimen [6].
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Figure 3.9. Fracture surface of W-Cu laminate bend bar (O3-2). Blue coloration on W layers
is from heat tinting to observe the final crack length in different W plates. Crack is longer in
L-oriented plate than in T plates. Dark contrast in blue test crack region is from surface
features; L plate has relatively flat fracture surface while T plates are rough [6].

Precrack fronts had a concave or flat shape instead of the usual convex “thumbnail”
shape, and in the mixed orientation the crack propagated to a greater depth in the L-oriented
versus T-oriented plates. This is qualitatively consistent with the anisotropic toughness of

the W matrix, as the rolled plate is tougher in the T direction than the L direction by a factor

of about 1.6.
(a) W-Cu Laminate Bend Test b W-Cu L Fracture Resi Curve
Specimen 03-2 / Three-Point Flexure ( ) Specimen 03-2 / Three-Point Flexure
a0/w=0.31/w=4.65mm/s=20.5mm/b=2.125 mm a0/w=0.31/w=4.65mm/s=20.5mm/b=2125mm
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Figure 3.10. a) P-D curve and b) R-curve for W-Cu laminate bend specimen O3-2. Black
points on P-D curve indicate the maximum load at each measured crack length used to
calculate Kg. Significant load drops were observed corresponding to unstable crack growth
and subsequent crack arrest [6].

A representative P-D curve along with the corresponding R-curve is shown in Figure

3.10, illustrating the load drops associated with unstable crack growth as well as the loads
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used to calculate each point in the R-curve. A summary of all calculated R-curves is given in
Figure 3.11 as a set of plots grouping tests by orientation (L, T, or L+T). The T orientation
showed greater increases in toughness with crack extension than the L orientation, but had

less stable crack growth.
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Figure 3.11. Comparison of R-curves for W-Cu laminate specimens of different orientations.
Plots are grouped by specimens with a) only L-orientation W plates, b) only T-orientation
plates, or ¢) a mix of L and T plates. The T specimens have higher initiation toughness as
expected, as well as a greater increase in fracture resistance with crack growth. The L
specimens show more stable crack growth, evidenced by the greater number of points per
specimen. In mixed specimens, initiation toughness appears controlled by the L orientation,
with the subsequent R-curve shape a mixed character of L and T [6].

For the mixed orientation, in which one of the three W plates was a different
orientation than the other two (one L and two T, or vice versa), had a small initial increment
of higher R-curve slope than the L orientation, but plateaued around a/w = 0.5, and reached
a maximum Kjr between those for the L and T orientations at very large a/w. Again, this
behavior simply reflects the differences in the T and L matrix toughness. These data do not
show a significant difference in R-curve behavior between areas of the laminate containing
2L+I1T versus 1L+2T plates.

Since the K curves show significant toughness increases only at large a/w, one
might conclude that the small amount (< 8% by volume) of relatively weak (annealed Cu)
and thin reinforcement had little beneficial effects on the fracture resistance of the composite

versus the monolithic W. Indeed this is the case if the metric is the relative engineering
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strength of the composite. However, crack arrest and increments of quasi-stable growth are
observed, providing some degree of engineering ductility in the composite that is entirely
absent in the monolithic W plate. Therefore, a composite with a higher volume fraction of
stronger reinforcing phase, with an optimized thickness, would be expected to perform
significantly better. To this end, the crack bridging model may guide the fabrication of an

improved composite.

4. Modeling Approach

In parallel with fabrication efforts, a code was developed to model ductile-phase-
toughened composites. The code can accommodate any test specimen geometry for which
the K solution is known, and may be applied to arbitrary composite architectures. The code
is adapted from work by Odette and Chao on TiAl-TiNb laminates [23-25, 33].

The two major processes this code performs are: 1) predicting fracture resistance and
load-displacement curves (R-curves and P-D curves), and 2) estimating the reinforcement
stress-displacement function o(A), the “bridging law.” Both cases require input of the
specimen geometry and matrix properties. For additional inputs, Case 1 requires the
bridging law, and Case 2 requires the calculated R-curve from test data along with the
measured failure displacement of the ductile ligaments.

The code was validated first by matching its Case 1 results with those published by
Odette and Chao [24]. The Chao code was validated using experimental data, but only its
inputs and results were available, not the program itself. The Case 2 results were validated
by independently estimating the bridging laws used by the Case 1 code to create R-curves.

In this way, the estimate of the bridging law could be compared to the known one.
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The form of the bridging law was described with four parameters: the peak load
(omax), the peak-load displacement (A;), a post-peak shape exponent (n), and the failure
displacement (A;). A schematic of the bridging law is shown in Figure 4.1, and the role of

the n parameter in defining the shape of the post-peak curve is described by Equation 4.1.

250
(Gmaxa AI)
200 +

150 |

100 H

Stress (MPa)

50

40 60 Sl[l 100
Displacement (um)

Figure 4.1. Example bridging law function. The function is defined by four parameters, and
assumes linear elastic behavior approaching the peak load. Examples of the effect of n on the
post-peak shape are given [7].

o(h) = o,gi(l_ﬂ)noxﬂ(l_( a-a, )”“), A <A<A, [4.1]

Ar—-Aq 2 Az—-Aq
A parametric study was performed by calculating R-curves and P-D curves for a
matrix of various values for each bridging law parameter. The combination of parameters

examined is shown in Table 4.1.

Table 4.1. Values used for each parameter in parametric study. The resulting data set contains
256 associated R-curves and P-D curves to allow for a quantitative comparison of
reinforcements for a W-matrix composite [7].

Omax (MPa) | 100 | 200 | 300 | 400
A: (um) 1 3 5 7
n 0.3 1 3 9

A (um) 50 | 150 | 250 | 350
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4.1 Analytical Basis

The core mechanic of the program is an iterative calculation that generates a self-
consistent solution between the bridging law [c(A)], the opening displacements of the crack
[A(x)], and the distribution of tractions along the crack face [o(x)], as shown in Figure 4.2.

Bridging stress-displacement law

6(A) (MPa)

L L L L s s L
0 20 a0 60 80 100 120 140

A (pm)
Self-consistent solution

Crack-face stress distribution Crack-face displacement distribution

20}
150 P

t . .
1°" iteration

100

100

sof
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Final iteration
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Position (x/w)
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Figure 4.2. Visualization of the iterative process at the core of the large-scale bridging
model.

It is assumed that the matrix crack can be described by linear elastic fracture
mechanics, and that the crack is pure Mode 1. Using a three-point bend specimen shown in

Figure 4.3 as an example, relevant solutions are taken from Tada [34] for the stress intensity

at the crack tip.
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Figure 4.3. Schematic of a three-point bend specimen illustrating relevant dimensions (red)
and stresses (blue). The shaded gray area represents the portion of the crack bridged by a
reinforcing phase. The stresses are: the applied stress (P) and a point stress (F) at position x
on the crack face. The displacements are: the crack-face displacement (A) at point x, and the
engineering load-point displacement (D). In the x-direction, the bridging zone runs from c to
the crack length a. The specimen width is w, the test span is s, and the specimen thickness
(out-of-page) is b [6].

3P
Kip(P,a) = ~oymaF (2) [4.2]
2F
Kip(F,%2) = = F, (3,2} [4.3]

Kip is due to the applied stress P, and K;r is due to a point stress F at position x on
the crack face. The functions F, and F; are shown in the appendix. The effective stress
intensity at the crack tip is the applied stress intensity minus the reduction in stress intensity
due to the bridging stress distribution, K| ¢f = K p — AK| g. The principle of superposition is
used to treat the bridging zone tractions as a series of point forces along the crack face, and

AKjr is found by integrating over the bridging zone.

AKp = foa Kirlo(x),x,a] dx [4.4]
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The applied stress intensity reaches its critical value, the composite fracture
resistance, (K;p = Kjgr) when the effective stress intensity at the crack tip is equal to the
matrix toughness (K ¢r = Kj¢), thus

Kir = AK f + Kjc. [4.5]

Once the fracture resistance has been calculated, Castigliano’s Theorem is applied to
calculate the shape of the crack. Castigliano’s Theorem states that the displacement due to a
force Q in the direction of that force is equal to the partial differential of the total strain

energy with respect to that force [34].

au
Ay =g [4.6]

The strain energy may be separated into two components: the strain energy of the
uncracked body, and the additional energy due to introducing the crack while holding the
forces constant [34]:

AdUr

Up = Up + J; dA. [4.7]

Substitute into Castigliano’s Theorem to derive the displacements of the uncracked

and cracked bodies, where the uncracked displacement is identically zero at the crack face.
Also, substitute the energy release rate Gy for % [34].
Upe , 0 (A _ 0 (A
Ag = %+£f0 GidA = 30 fo GdA [4.8]
From Irwin’s relationship, and assuming a Mode I crack [34],
, 2
E'G =K;* = (Kip + Kip) " [4.9]
Combining Equations 4.8 and 4.9 and allowing the virtual forces to approach zero, solutions

are found for the opening and closing displacements, Ap and Ag. The net displacement A is

the difference between the two [33].
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2  OKir(Fxa’) o
8p () = g, f; Kip(P,a) ZEE2 da [4.10]

Ap(x) = ﬁfxa[foa' Kip(o(x),x’,a")dx'] w da’ [4.11]

A(x) = Ap(x) — Ap(x) [4.12]

In both cases, the integrand consists of the stress intensity due to the opening or
closing tractions at the instantaneous crack length a’, multiplied by the partial derivative of
the crack-face K;r with respect to F. In the calculation of Ag, the stress intensity due to the
bridging tractions at an instantaneous crack length a’ is itself an integrated quantity, similar
to AKjg.

Finally, the load-point displacement is calculated as the elastic solution minus the
contribution from the bridging zone. The former is given by Timoshenko and Tada, and the
latter follows the above derivation applied to the case of displacements in the direction of P.
The resulting solutions for the reduction in displacement due to the bridging zone (D), and

the net displacement (D) are [33-34]

2 IR K a)dx] 2D g [4.13]

D= P(4E’w3+%(ﬁ_%_%)_%)+%v2 (%)_DF [4.14]

where the function V; is defined in the appendix.
4.2 Procedural Structure

4.2.1 Determination of R-Curves and P-D Curves
Input data. Enter the specimen dimensions (width, span, thickness, precrack depth),
matrix properties (Young’s modulus, Poisson’s ratio, fracture toughness), and bridging law

(can be defined as any continuous function). A shape function may be used to define any
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discontinuities the crack front would encounter while propagating through the material (such
as with a face-orientation laminate specimen). Specify the calculation parameters — crack
growth step size and convergence criteria [6(x) and bridging zone length].

Define functions. Set up functions that will be called often in the code, and create
variable arrays that will be used to track the solutions for each step of the calculation.

Calculate the applied load needed to advance the crack. Start by growing the
crack from its initial depth to the next increment, and assume that region to be the current
bridging zone. Assume a constant stress over the bridging zone and calculate AK;r from that
o(x). Then calculate Kir and use the form of K;p to find P.

Calculate the shape of the crack. Define a mesh of points on the crack face.
Calculate the opening, closing, and net crack-face displacement at each point.

Update the bridging traction guess. Use the bridging law to calculate the stress
corresponding to each crack-face displacement and interpolate over the mesh to update the
guessed bridging stress distribution. Calculate the difference between the two stress
distributions by taking the sum of the absolute difference at each point in the mesh. If the
error is below the convergence criterion, accept the solution; otherwise, repeat the
calculation with the updated o(x). After checking the convergence of the stress distribution,
check the convergence of the bridging zone length. Repeat if the change in bridging zone
size does not satisfy the convergence criterion. Once all calculations have converged,
continue to the next crack length. Stop before the virtual crack grows past the width of the
specimen.

Calculate the load-point displacements. Recall the 6(x) and other solutions from

the first iteration of crack length extension. Calculate the elastic load-point displacement for
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that crack length and the reduction in displacement due to the bridging zone. Repeat for each
value of crack length.

When the algorithm has finished running, the solutions for 6(x), A(x), Kir, P, and D
are all stored in arrays according to which crack length they correspond to. The evolution of
each parameter may be visualized graphically, and of course the R-curve and P-D curve may
be plotted. R-curves are plotted as Kir in MPa vs. normalized crack length (a/w). P-D curves
are plotted as P/P’ vs. D/D’, where P’ and D’ are the elastic failure load and displacement of

a pure-matrix specimen of the same geometry.

4.2.2 Determination of Bridging Law

Input data. Specify the same inputs as above with the following exceptions. Enter
the R-curve data. Enter the bridging law parameters. As the parameters are not known
except for the failure displacement A,, enter initial guess values for 6max, A1, and n. The
guess for A; should be small for the prediction to be most accurate. Define a step size for
guesses in A, convergence criteria for the calculation of 6,,.x and n, and a gain value to help
the n solution converge in fewer iterations. Store the R-curve as an interpolated function. A
step size for crack growth is not necessary for this calculation.

Define functions. The set of functions to call during the calculation is the same. The
set of empty lists is also the same with the addition of lists to hold the solutions for opmax, A,
and n after each iteration.

Estimate A; and o,y simultaneously. Model a short crack extension (a - ap). Use

the elastic near-tip crack shape solution to solve for this crack length from a given A; [34].

12 AVTE")?
A= FEKicfa—a, - a=ao+ (4;%&) [4.15]
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This method ensures that at no point in the bridging zone will A(x) > Ay; thus, the activated
region of the bridging law will always be within the guessed elastic region and the post-peak
shape has no effect. Use the guess value for 6,ax as the constant-stress o(x) guess.

Proceed with the calculation of AK;r as in Case 1. Then use the known Kjr value for
this crack length (from the interpolation of the R-curve data) to calculate the true AK;y.
Scale the guessed o(x) distribution as well as the omax guess by the ratio of the true AK;r to
the initial guess, ensuring that the calculated Kjr value is correct, and proceed using the
scaled o(x). Proceed as in Case 1 to calculate the crack shape and update the stress
distribution, and then repeat the process until the change in the estimated o, satisfies the
convergence criterion.

Accept this estimate of 6.« for the given crack length, then increase by one step in
Ay, recalculate the corresponding crack length, and repeat to estimate a series of (A;,Omax)
points. The resulting set of estimates looks like an approximation to the elastic portion of the
bridging law. Stop increasing A; once the convergent 6,,ax value is lower than that for the
previous A; step. Finally, choose from these points the best estimate of (A, Omax).

Figure 4.4 explains the best-estimate selection process graphically. The current
strategy is to find the point at which the estimated (A;, 6max) curve deviates from linearity.
To do this, fit a series of linear regressions to the data, removing the last point with each
successive fit (start with the blue fit in Fig. 4.4a). Analyze the list of goodness-of-fit values
(R?) from each linear regression to find the index of first local maximum (red circle in Fig.

4.4b). This index corresponds to the best estimate of A; and 6max (red circle in Fig. 4.4a).
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Figure 4.4. a) Plot of estimated (A, omax) points showing the first (blue) and the best-guess
(red) linear fits. Colored circles around points indicate the highest A; value used in the
corresponding fit. The best-guess (A, omax) point (red circle) is taken as the final estimate
for the two parameters. b) Plot of goodness-of-fit value (R?) for each linear regression vs. the
list index as shown in Fig. 4.4a. Blue and red circles indicate the R* values corresponding to
the fits shown in Fig. 4.4a. The best guess is selected by finding the first local maximum in
R? (red circle).

Estimate the post-peak shape parameter. At this point, the other three parameters
are known and only the guess value for n remains. Calculate an R-curve using the current
bridging law guess. In calculating the R-curve, use the same crack length values as those
measured in the true R-curve data. Integrate each R-curve with respect to crack length and

compare the respective area under each curve. Update the guess value for n,

Z
f KiRr guess (a) da]
2

n; = n;_
! -1 fKIR,true(a) da

[4.16]

where z is a gain exponent that accelerates convergence. Continue iterating until the change

in n satisfies the convergence criterion.

5. Model Results

5.1 Determination of R-Curves and P-D Curves
The large-scale crack bridging code results were compared the previous work of
Odette and Chao [24], since that work was validated experimentally. Figure 5.1 shows

resistance curves and load-displacement curves calculated for three different bridging stress-
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displacement functions, indicated by color. The new resistance curve calculations (points)
compare very well with the previous results (lines) but the P-D predictions are only
consistent up to nearly the peak load. After the peak load, the load-point displacement is
under-predicted with respect to the previous results. The calculation converges quickly when
modeling specimens in the edge orientation because the reinforcement is continuous in the
direction of crack propagation. Additional meshing steps are required for accurate face-

orientation modeling.
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Figure 5.1. Experimentally-verified models (lines) compared with current models (points) for
identical initial conditions, modeling a TiAl-TiNb laminate. a) Bridging law functions
corresponding to the colors in each plot. b) Comparison of resistance curves. ¢) Comparison
of load-displacement curves. Values are normalized by the load capacity and displacement at
fracture of a non-reinforced test specimen [5, 24].

5.2 Determination of Bridging Law

It is generally not possible to directly measure o(A) curves for embedded
reinforcements since this depends on details like debonding and triaxial stresses in matrix
cracks that are blunted in the ductile phase. However, as noted above they can be inversely
extracted from test data. The estimation strategy for o,ax and A; successfully reconstructed

the elastic loading portion of the bridging law as shown in Figure 5.2a. The estimate for n
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also converges near enough to the true value (Fig. 5.2b) that the R-curve fits well with the

input data (Fig. 5.2c¢).
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Figure 5.2. a) Estimate of (onax,A1) point (red circle) shown against a close-up view of the
true bridging law (gray curve). Calculated values (points) track well with the elastic slope of
the bridging law. b) Estimate of n parameter shown as a series of calculated bridging laws
(blue curves), highlighting final estimate (red curve). Compare to the true bridging law (gray
curve). c¢) Black points show the true R-curve. Blue curves show successive iterations during
estimation of n, and red curve corresponds to the final bridging law estimate.

5.3 Parametric Study

A parametric study of reinforcement 6(A) was used to evaluate the effects of the
controlling parameters individually and in combination as illustrated in Figure 5.3. Here the
P-D curves are normalized by the corresponding loads and displacements at elastic fracture

of the brittle matrix, P’ and D’, respectively.

35




Omax A1 n AZ s 5
P-D Curves [P/P’ vs. D/D R-Curves [Kir (MPa) vs. a/w
[MPa] | [ym] | - | [um] [ : [ (MPa) vs. ]

25[ (a) 120
100 20f 100
200 sk ”"
300 1 03| 350 i ©
400 05 :o
25f (b) 120
] 20F 100
3 st *
400 5 03| 350 o
7 | :
25f (C) 120
0.3 2f 100
400 1 ; 350 | “t ©
9 | :
25f (d) 120
50 20 100
150 | .t °
400 1 9 250 | | ©
350 05k )

Figure 5.3. Parametric study summary. In each row of values and plots, one parameter is
varied and the resulting P-D curves and R-curves are shown. Load and displacement values
are normalized by the load capacity (P’) and displacement (D’) at fracture, respectively, of
the unreinforced tungsten matrix. The mechanical behavior of the composite is more sensitive
to Omax and u; than to n and u, [6].

For a desirable, and expected, low value of A;, the P-D and Kr(a/w) curves increase
with increasing Opmax, resulting in a desirable increase in Py, accompanied by increasing D
or ductility (Fig. 5.3a). The detrimental effect of increasing A is also revealed in the P-D
curves (Fig. 5.3b). Both increasing the convex shape of the bridging law (Fig. 5.3¢) and, to a

lesser extent, increasing A; (Fig. 5.3d) increase the composite strength and ductility.
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It must be emphasized that while these effects can be qualitatively anticipated, they
all represent large-scale bridging effects for a growing bridging zone that cannot be
quantitatively predicted based on intuition or simple energy-based concepts. The
engineering performance capabilities of a DPT composite are reflected in the normalized P-
D curves with values of P/P’ and D/D’ greater than 1, which is the limit for the elastically
brittle monolithic matrix material. It is also worth noting that it is the initial slope of the R-
curve that controls the crack growth initiation P-D and any subsequent stable crack growth

for any expected practical initial crack length.

6. Discussion and Conclusions

The goal of this work was to demonstrate ductile-phase toughening in a tungsten
composite. Early work to develop composites with spark plasma sintering or hot pressing
fabrication routes were unsuccessful in terms of enabling stable crack growth through crack
bridging; however, a brazed W-Cu laminate demonstrated these properties in fracture
testing. A large-scale crack bridging model was developed to predict mechanical properties
of an arbitrary composite or its reinforcing phase.

The EBSD data collected to analyze the microstructure evolution in W wire during
processing is limited but may indicate the beginning of recrystallization at high temperature
of the highly-deformed wire. The extrinsic toughening at installation of a DPT W composite
will indeed come from a ductile reinforcement, but more investigation is required to
understand whether these reinforcements will continue to provide such toughening by the
end of the material’s service life. The dominant mechanism may shift from deformation of

the reinforcement to frictional sliding during pull-out, for example.
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The toughness of the W plates is higher than the expected value for the as-sintered
material, due to severe plastic deformation during the rolling process. However, considering
the large-scale material demand for a fusion reactor, such processed forms of W should not
be relied upon for composite research without a thorough investigation of the economics of
scale for such processes. Generally speaking, the simplest processing route to a toughened
composite should be pursued.

Sintering of W powders in this study resulted in greater than 95% densification. A 2-
temperature sintering route to consolidate W around Cu-coated W wires is unlikely to be
effective unless full matrix densification occurs at the low temperature. The pulsed current
capabilities of the SPS have not been explored here, but may be useful in this effort.

Besides tungsten, carbon is the most favorable element for high-temperature use in a
divertor application. The previous plan for ITER was to begin operation using a divertor
with both carbon-carbon composite and W armor components before switching to full W —
this plan was changed in favor of using only W from the beginning due to cost concerns. It
must be noted that a fully carbon divertor gives rise to significant tritium retention issues, so
minimizing the fraction of carbon in a W-composite debonding layer is a key concern [35].
In this study, tungsten carbide as an interface layer was too strongly bonded to the matrix to
give rise to any crack bridging. Fugitive interfaces are a possible design choice in this case,
where porosity is introduced at the interface [36]. This utility in aiding debonding must be
balanced with thermal conductivity needs.

The complexity of the hot-pressed laminate material may not be amenable to large-
scale processing. The general concept of embedding W wires in a W matrix, however, is still

an intriguing one. Some evidence of fiber pullout was observed in tests on the hot-pressed
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laminate, and the embedded “sandwich’ reinforcement was able to arrest the crack. A finer-
scale laminate may allow for greater stable crack growth normal to the layers. Additionally,
controlled precracking is vital for R-curve testing on W composites.

Ductile-phase toughening has been demonstrated for W plates brazed with Cu.
Stronger reinforcements are needed to give an increased engineering strength, but even a
weak reinforcement enabled crack arrest and significant ductility. While Cu is useful for
developing model composites, it is not a viable choice for PFCs [26]. Further development
should focus on acceptable elements.

The large-scale bridging model is a powerful tool for composite design and analysis.
While in this study the possible composite architectures were constrained by available
equipment, future fabrication efforts may choose processes better suited to working with, for
example, larger and more ordered layups of coated W fibers. A parametric study of
reinforcement bridging laws applied to a matrix of interest can guide the initial selection of
reinforcement material and the required volume fraction of reinforcement. After preliminary
R-curve testing, the actual bridging law for the new material may be derived using the
model and then used to refine the composite design.

The calculation of R-curves is robust, but displacement calculations are too
conservative in comparison to the previous model. The reduction in load-point displacement
due to the bridging zone is calculated to be greater in the current code than in the previous
one. This discrepancy may arise from a difference in the integration strategies used by each
code. The algorithm for determining bridging laws is robust in its estimate of Gyax and Ay,

and while errors remain in the estimation of n, the calculated R-curve is not sensitive to this
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error. An improved code would include a more adaptive convergence algorithm for

determining n, as well as estimation strategies for A, and potentially the residual stress.

7. Recommendations for Future Work

Development of W-composite PFCs must be guided by the evolving thermal and
mechanical requirements for divertor components. Broadly, the three aspects of W-
composite PFC development are the choice of reinforcement material and architecture,
optimization of the fabrication route, and control of in-service microstructure evolution.

Efforts should be made to develop scalable fabrication routes for near-net-shape W-
composite parts by pairing rapid consolidation techniques like SPS with fiber layup tools
and green body forming techniques like powder-injection molding [12, 37]. Sintering around
a preform can result in matrix cracking to relieve stress during consolidation, but this
process could be useful for extrinsic toughening if a weak interface layer was designed to
crack instead of the matrix [38]. The utility of a composite for large-scale application
depends strongly on economy of fabrication, so it is helpful to design materials with this in
mind. The availability of W product forms (wire, foil, plate, etc.) for large-scale composite
fabrication should also be considered. For composite layups there is a need for appropriate
tooling, such as near-net-shape sintering dies and fiber alignment tools.

Structural tungsten components remain a critical research need for the future of
fusion energy. The next steps in developing DPT tungsten should involve choosing
reinforcements that are compatible with the divertor environment. Low-activation elements
include Fe, Cr, V, Ti, Si, and C [26]. Experimentation and modeling should proceed together

in an iterative design process.
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Appendix

Experimental Data
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W wire tensile testing: engineering stress vs. normalized displacement
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EBSD grain maps and pole figures for W wire

Post-processing W wire
(Upper right: sintered W matrix;

£

le figures from wire area only)
" .[\r. ,v:"‘;— ?1v r A =

48



Engineering stress (MPa) Engineering stress (MPa)

Engineering stress (MPa)

W and Cu foil tensile testing: engineering stress vs. engineering strain

Specimen 1, cross section =2.012 x 0.131 mm
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W plate fracture toughness testing: load vs. crosshead displacement
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W plate fracture toughness testing: load vs. crosshead displacement

W plate 3-point bend test
Specimen T2, 20.3 x 4.65 x 0.859 mm, a/w = 0.27
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Stress (MPa)
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W-WC sintered composite 3-point bend testing: load vs. crosshead displacement

W-WC sintered composite 3-point bend test W-WC sintered composite 3-point bend test
Specimen 1, 10 x 3.6 x 3.6 mm, notch a/w =0.14 Specimen 2, 10 x 3.6 x 3.6 mm, notch a/w = 0.14
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W-Cu hot-pressed laminate testing

Reinforcement tensile testing: engineering stress vs. crosshead displacement

W-Cu hot-p d lami reinfo tensile test W-Cu hot-p d laminate reinf tensile test
Specimen 1, cross section = 0.870 mm*2 W, 0.936 mm*2 Cu Specimen 2, cross section = 0.870 mm*2 W, 0.936 mm*2 Cu
800 800
700 700

600 600 A
500 500 /
400 / 400

300 / I
200 . 200 I
/
J

Stress (MPa)

300

100

100

N
0 \ 0 ; \
0 02 04 06 08 1 0 0.2 04 06 0.8 1
Crosshead displacement (mm) Crosshead displacement (mm)

Laminate 3-point bend testing: load vs. crosshead displacement

W-Cu hot-pressed laminate 3-point bend test W-Cu hot-pressed laminate 3-point bend test
Specimen 1, 27.6 x 8.86 x 3.08 mm, notch a/w = 0.22 Specimen 2, 27.6 x 9.01 x 3.07 mm, notch a/w = 0.22
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W-Cu brazed laminate: P-D curves and R-curves

52



L orientation specimens

W-Cu brazed laminate 3-point bend test
Specimen 01-1 (L), 20.3 x 4.50 x 2.11 mm, a0/w = 0.22

W-Cu brazed laminate R-curve
Specimen 01-1 (L), 20.3 x 4.50 x 2.11 mm, a0/w = 0.22
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W-Cu brazed laminate: P-D curves and R-curves

T orientation specimens

W-Cu brazed laminate 3-point bend test
Specimen 03-1 (T), 20.3 x 4.70 x 2.15 mm, a0/w = 0.28

W-Cu brazed laminate R-curve
Specimen 03-1 (T), 20.3 x 4.70 x 2.15 mm, a0/w = 0.28
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Load (N)

W-Cu brazed laminate: P-D curves and R-curves

Mixed orientation specimens

W-Cu brazed laminate 3-point bend test

W-Cu brazed laminate R-curve
Specimen 01-4 (2L + 1T), 20.3 x 4.49 x 2.20 mm, a0/w = 0.46

Specimen 01-4 (2L + 1T), 20.3 x 4.49 x 2.20 mm, a0/w = 0.46
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Specimen 03-2 (1L + 2T), 20.3 x 4.65 x 2.16 mm, a0/w = 0.31
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W-Cu brazed laminate 3-point bend test

W-Cu brazed laminate R-curve
Specimen 03-4 (1L + 2T), 20.3 x 4.65 x 2.16 mm, a0/w = 0.33

Specimen 03-4 (1L + 2T), 20.3 x 4.65 x 2.16 mm, a0/w = 0.33
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W-Cu brazed laminate 3-point bend test

W-Cu brazed laminate R-curve
Specimen 03-5 (1L + 2T), 20.3 x 4.64 x 2.15 mm, a0/w = 0.32

Specimen 03-5 (1L + 2T), 20.3 x 4.64 2.15 mm, a0 = 0.32
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Large-Scale Crack Bridging Code

Large - Scale Bridging Code: Case |

ClearAll["Global+"];
Input data

Specimen Geometry

w = 0.01524; (+ width in m +)
s = 4w; (+ span in m #)

b = 0.00508; (+ thickness in m +)

80 = 0.41w; (+ Pre-crack depth in m «)

shape[x_] := 1 («+Face orientation meshing shape functions)

Matrix properties

e = 172 (10"9) ; (+ Young's modulus in Pa )
v = 0.33; (» Poisson's ratio )
KIC = 8 (10°6); (» matrix toughness in Pa+/ms)

Bridging law parameters

omax = 200 (10°6); (« peak stress in Pa )
Al = 2 (10~-6); (+ displacement at peak stress in m )

A2 = 110 (10~-6); (+ failure displacement of bridging ligaments in m &)
n=1; (» post-peak shape parameter )

or =0; (+ residual stress in ductile phase #)

Calculation parameters

inc = 0.05w; (+ crack growth increment in m )
conv = 1;(+ convergence criterion for stress distribution in Pa )

cconv = 0.0001; (» convergence criterion for bridging zone length as a fractional change )

breakcheck = 0.9999; (xconvergence criterion to resolve instances where the error in stress distribution oscillatess)
maxbreak = 5; (+maximum number of times the error can increase with each iteration in the stress disctribution calculation;
lower values may cause convergence on local minima insteaed of global minumums)

Calculation

List Setup

al = a0+ inc; (» first calculated crack length «)
c=a0; (» set the initial bridging zone edge as the precrack length )
a=al; (» set the first crack growth increment for calculating Kizx #)
ee =e/(1-v~2); (»+ Plane strain Young's modulus «)

gg=e/(2+2v);(+ Shear modulus +)

oguess = omax; (+ guess for crack face traction in Pa )

ninc = Round[ (w - a0) / inc];

(» Creates lists that will be filled during iteration, starting from initial values )
alist = (a0)}; (+list of all crack lengths used to calculate the R-curvex)

clist = {a0}; (+list for values of the end of the bridging zome calculated for each crack lengths)

Klist = {KIC}; (+list of K., valuess)

plist = {0}; (+list of applied loadss)

dlist = {0}; («+list of load-point displacementsw)

error = {0}; (+list of the convergent error for the stress distribution for each crack lengths)

finalerrordist = {}; (+list of the distribution of bridging-stress errors along the crack face for each crack lengths)
finalstressevolution = {}; (+list of the stress distributions for each crack lengths)

finalcrackevolution = {}; («+list of the crack shapes for each crack lengths)

finalopeningevolution = {}; (+1ist of crack opening displacement distributionss)

finalclosingevolution = {}; («list of crack closing displacement distributionss)

points = {0}; (+number of points in the mesh for each crack lengthw)
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Function Definitions

(+ Bridging law )
ob[u_] := Piecewise[{{0, u< 0}, { (omax -or) (u/Al), 0susAl}, {(omax/2) (1- (u-4l)/ (A2 -A1))"n+ (omax/2) (1- ((u-Al)/ (A2 -41))"(1/n)), Al <usa2},
{0, A2 < u}}];

(+ Correction factor for 3pb Ki,p*)
Fl[x_] := Pi”-0.5(1.99 - x (1-x) (2.15 - 3.93x + 2.7x"2)) / ((1+2x) (1-x) ~1.5);

(«Correction factor for 3pb Ki pjw)

gl[x ] :=0.46+3.06x + 0.84 (1-x) "5 + 0.66x"2 (1-x)"2;

g2[x_] := -3.52x"2;

g3[x_] := 6.17 -28.22x +34.54x"2 -14.39x"3 - (1-x)~1.5 -5.88 (1-x) "5-2.64x"2 (1-x)"2;
g4[x_ ] t= -6.63+425.16 x -31.04x"2 +14.41x"3 +2 (1-x) “1.5+5.04 (1-x) "5 +1.98x"2 (1-x) "2;
Glx_, v.]:=9gl(y]l+92[y]lx+ g3[y] "2 +g4[y] x"3;

F2[x , y ] :=G[x, y1/(1-(y))~1.5/ (1~ (x)~2)~0.5;

(+ Stress intensity at crack tip due to a pair of point forces on the crack face w)
KIF[f , x ,a ):=2f/(Pia)”0.5F2[x/a, a/w];

(+ Stress intemsity at the crack tip due to remote loading in 3-point bending )
KIP[P_, a_]) := (6/w"2) (Ps/4) (Pia)"0.5F1l[a/w]; (+P (Pi a) 0.5 Fila/w];+)

(+Crack opening displacements from remote loadings)
AP[z_] := 2/eeNIntegrate[KIP[Pguess, x] D[KIF[£, z, x], £], {x, z, a}, Method - { ic, "Symboli. ing" -+ 0}, ion - 0];

(vCrack closing displacements from bridging - requires nested numerical integrations)
AFinner [z_? i a_? icQ] := N [KIF[ox [aaa], aaa, a)], {aaa, ¢, z}, Method - {. ic, "Symboli ing" -+ 0}, i -+0];

AF[z_, zz_] := 2/ee NIntegrate[AFinner [aa, aa] D[KIF[£f, z, aa], £], {aa, zz, a}, Method - { ic, "Symboli ing" -+ 0}, ion »0];

(+Remote load (3pb) for specified crack length and applied stress intensitys)
P[KI_, a_] := KI/(6s/ (4w"2) (Pia)~0.5F1[a/w]);

(+Function used in calculation of load-point displacementss)
V2[x ] t= (x/(1-x))"2(5.58-19.57 x +36.82x"2 -34.94x"3 +12.77 x"4);

(+Initial guess for bridging zone stress distributions)
ox = Interpolation[{{-20"-10, 0}, {c-10"-10, 0}, {c, oguess}, {a, oguess}, {a+10~-10, 0}, {w, 0}}, InterpolationOrder -1];

(+Face orientation meshing shape functionw)
shape[x_ ] :=1

Iterative Calculation

(+Tterator to keep track of which crack increment is being calculateds)
loop = 0;

(~Output useful information about the state of the calculationw)
Print["Crack length (a/w), increments remaining, and error"]
Dynamic[{a/w, loop - ninc, esum}]

While[a <w,
loop++; (vkeep track of iteration numberw)
Label["resetc"]; (+if the bridging zone size is changing, the calculation will restart from herex)

(#Ratios for scaling the distribution of guess points when the bridging zone changes sizes)
If[loop =1, (#If this loop is removed, the mesh will have the same density for each crack length;

otherwise the same number of points will be used for each iteration. The non-

adaptive strategy has not shown significant error in tests of the code, and it significantly reduces computation time. w)
scalel = (a-c)/ (al -a0);

scale2 =c/a0;

(+These values can be adjusted: higher numbers mean a denser mesh and longer calculation timex)
xxx1 = Round[10 scale2]; («mesh density in the short region near crack mouths)

xxx2 = Round[10 scale2]; («mesh density for the majority of the non-bridged portion of the cracks)
xxx3 = Round[10 scale2]; («mesh density in the non-bridged region near the edge of the bridging zones)
xxx4 = Round[40 scalel]; («mesh density in the short region in the bridging zone near its edges)
xxx5 = Round [15 scalel]; («mesh density for the majority of the bridging zones)

xxx6 = Round [40 scalel]; (+«mesh density near the crack tips)

(+»Define the mesh of x-values at which the crack face displ and will be calculatedw)
cdata = Join[Array[#+0.03/xxx1 &, xxx1+1, 0], Array[0.03 + #« (0.96 - 0.03) / xxx2 &, xxx2, 1], Array[0.96+ # (1-0.96) /xxx3 &, xxx3-1, 1]];

bridgex = Join[Array[#«0.25/xxx4 &, xxx4, 1], Array[0.25+ # (0.75 - 0.25) / xxx5 &, xxx5, 1], Array[0.75+ # (1-0.75) / xxx6 &, xxx6, 1]]
1

(+»mesh of points for calculating stress distribution and crack-face displacements«)
guessx = Sort[Join[cdatac, {¢-10"-10, ¢, ¢+ 10" -10}, c + bridgex (a-c)]];

(«Set an initial value for the error in the stress distribution and create an empty list for the series of error valuesx)
esum = 1000 000 000. ee; (+an arbitrarily high initial guess value that will be higher than the convergence criterion )
elist = {esum}; (+a list that will hold the error in the stress distribution and allow for convergence checksw)

(«Create lists for the internal iteration process, where the lowest-error solution will be put into the main solution listw)
stressevolution = {}; (+holds the stress distribution list as it converges; the convergent value is saved in the list defined abovex)
crackevolution = {}; (+same function, for crack shapes)

closingevolution = {}; (+same function, for closing displacementss)

openingevolution = {}; («same function, for opening displacements«)

Klistl = {}; (+same function, for Kigw)

plistl = (}; (+same function, for P«)

errorl = (}; (+same function, for error in stress distributions)

errordist = {}; (+same function, for distribution of errors on crack facew)

break = 0; (sinitial value for a counter that allows a certain number of increases in error to occur,
in an attempt to move past local minima towards the global minimums)
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(+ Iterative loop that calculates opening profile and stresses using stress distribution convergence criterion )
While[esum > conv,

(#A check to make sure that the mesh of x-values does not force the code to attempt to make any calculations beyond the crack tipw)
While[guessx[[Length[guessx]]] > a, guessx = Delete[guessx, -1]];

(#Calculate the total stress intensity reduction due to the bridging zone, the applied stress intemsity, and applied loadx)
Clear [AKIF, KIR, Pguess];

AKIF = NIntegrate [KIF[ shape[aaa] ox[aaa], aaa, a], {aaa, ¢, a}, Method - { ic, "Symboli ing" -+ None}, MaxRecursion - 0];
(#calculated stress intensity shielding due to bridging zone;

integrals are optimized for speed and errors are reduced by multiple iterative passess)

KIR = KIC + AKIF; (»calculated fracture resistancex)

Pguess = P[KIR, a]; (+calculated applied loads)

(#Calculate the constant value for crack face closing displacements at all points behind the bridging zonew)
Clear[opening, closing, Anet, odist];

(+Calculate crack face opening displacements at all mesh points«)
opening = Array[If[guessx[[#]] 2a, 0, Re[AP[guessx[[#]]]], 10~ -10] &, Length[guessx]];

(#Calculate crack face closing displacements at all mesh pointss)
(#using this loop structure prevents memory overflows)
counterl = 1;
closing = Re [Reap[
Do[

x [ [counterl]] <c,
AF [guessx [ [counterl]], c],
AF [guessx [ [counterl]], guessx[[counterl]]]
]
1
++counterl;
+ {Length[guessx]}
]
]
[r21]
[
1

(sxCalculate net crack face displacements, preventing negative valuess)
Anet = Array[If [opening[[#]] - closing[[#]] <0, 0O, opening[[#]] - closing[[#]]] &, Length[guessx]];

(#Calculate crack face stresses at all mesh points using bridging laws)
odist = Array[Re[ob[Anet[[#]]]] &, Length[guessx]];

(#Ensure that there is no stress behind the bridging zone; broken ligaments are handled by the definition of odistw)
Do[odist = Delete[odist, 1]

, {Length[Select[guessx, #<c &]]}];
Do [PrependTo[odist, 0]

, {Length[Select[guessx, #<c&]]}];

(+Make sure there are no undefined points in the functions over the entire width of the specimen by adding the values of each distribution at x=
W)

AppendTo[guessx, w];

AppendTo[odist, 0];

AppendTo[Anet, 0];

AppendTo[closing, 0];

AppendTo[opening, 0];

(#Interpolate over the stress distributionw)
Clear[ointerp];
ointerp = Interpolation[Transpose@ {guessx, odist}, InterpolationOrder »1];

(#Calculate the error in stress at each mesh point and sum absolute values for a total errors)
ex = odist - Array[ Re[shape[guessx[[#]]] ox[guessx[[#]]]] &, Length[guessx]];
esum = Sum [Abs[ex[[x]]], {x, Length[ex]}];

(#Safety checks to prevent infinite looping)
check = (Min[elist] - esum) /Min [elist];

If[check <0, ++break];

1f[break > maxbreak, Break[]];

1f[break > 0, If[Abs[check] > breakcheck, Break[]]];

(*Record the calculated values for this intermediate iteration to allow for examination of how the distribution converges to a self-
consistent solutionw)
dTo[ lution, {guessx, odist}];

[ lution {guessx, Anet}];
AppendTo[openingevolution, Transpose®@ {guessx, opening}];
AppendTo[closingevolution, Transpo: {guessx, closing}];
AppendTo[Klistl, KIR];
AppendTo[plistl, Pgu
AppendTo[errorl, esum];

[ ist {guessx, ex}];
AppendTo[elist, esum];

Clear[ox];
(+update the stress distribution for the next iterationw)
ox = ointerp;

(+stop if any of the stress distributions in the list are identicals)
1f[Min[elist] =0, Break[]];
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cguess = ¢; (+save the current end of the bridging zone for comparisonw)

result = Extract [Position[errorl, Min[errorl]] , {1, 1}]; (+make sure that the lowest-error solution is recorded later on«)

Clear [crackshape, ccheck];

crackshape = Interpolation[crackevolution[[result]], InterpolationOrder -+ 1]; («define a continuous function for the crack shapes)

ccheck = If[Max [Transpose[crackevolution[[result]]][[2]]] 2 A2, x /. FindRoot [crackshape[x] == A2, {x, a0/2}], 0];
(#define the point in the crack shape that reaches the failure displacement of the reinforcements)

c = Max [ccheck, a0]; (+~update the bridging zone length«)
I£[Abs[(c - cguess) / cguess] > cconv, Goto["resetc"]]; (+check convergence criterion for brisging zone lengths)

(#Record convergent solutions for this crack length«)
AppendTo[alist, a];
AppendTo[clist, c];
AppendTo[Klist, Klistl[[result]]];
AppendTo[plist, plistl[[result]]];
AppendTo[error, errorl[[result]]];

ppendTo[final ution, ution[[result]] ];
AppendTo[finalcrackevolution, crackevolution[[result]] ];
AppendTo[finalopeningevolution, openingevolution[[result]] ];
AppendTo[finalclosingevolution, closingevolution[[result]] ];

dTo[£final ist ist[[result]]];

AppendTo[points, Length[guessx]];

(* Increase crack length and increase counter for loop )
a += inc;
1;
(+ Calculate load-displacement curve =)
qq=1;
Do[
++qq;
Clear[ox];
ox = Interpolation[finalstressevolution[[qqg - 1]], InterpolationOrder -+ 1];
Anc = plist[[qq]] (s~3/ (4eew”3) +s/ (2w) (3/(49g) -3/ (10ee) -3v/ (4ee)) -0.21/ee);
Ac = 6plist[[qq]l]s”2/ (4eew”2) V2[alist[[qq]] /w];
Abrinner[z ?NumericQ] := NIntegrate[KIF[ox[xx], xx, z], {xx, clist[[qq]], z}, Method -+ { ic, "Symboli ing" - None}];
Abr = Re[2/ ee NIntegrate [Abrinner[x] D[KIP[P, x], P], {x, clist[[qq]], alist[[qq]]}, Method + {Automatic, "SymbolicProcessing” - None}]];
d = (Ac + Anc) - Abr;
AppendTo[dlist, d];
¢ {Length[plist] - 1}];

(+Set crack length to the final values)
a=alist[[Length[alist]]];

Solution Output

(*Output a table of values from the calculationw)

data = Transpose[ {Round[alist « 1000, 0.01], Round[alist /w, 0.01], Klist /1000000, Round[plistb, 0.01], Round[dlist «1000, 0.001],
Round[ (alist - clist) » 1000, 0.001], Round[error /1000000, 0.001], points}];

PrependTo[data, {"mm", "-", "MPa" Superscript["m", "0.5"], "N", "mm", "mm", "MPa", "u"}];

PrependTo[data, {"a", "a/w", "K;x", "P", "D", "LSB size", "Error-o”, "Points"}];

Grid[data, Frame -+ All]

(+Plot the bridging laws)
Plot[ob[u] , {u, 0, A2}, PlotLabel » "Bridging Law", AxesLabel - {"Displacement (m)", "Stress(Pa)"}, PlotStyle -> Thickness [Large],
PlotRange » {{0, 1.2A2}, {0, omax}}]

Clear [rcurve, loaddisp];

(#Plot the resistance curvew)
rcurve = Transpose@ { (alist) /w, Klist/1000000};
ListLinePlot [rcurve, PlotRange -+ {{a0/w, 1}, {0, Max[Klist] /1000000}}, Epilog - Point [rcurve], PlotLabel » "Resistance curve",

AxesLabel » {"Crack extenmsion(m)", "Fracture resistance (Pa %) "}, AxesOrigin - {a0 /w, 0}, PlotStyle -> {{Thick, Blue}}]

(+Load-displacement curve is normalized by values for unbridged specimens)

PP = P[KIC, a0]; (scalculate pure-matrix failure loads)

anc =pp (s"3/ (4eew”3) +s/(2w) (3/(4g99) -3/ (10ee) -3v/ (4ee)) -0.21/ee);

Ac=6pps”2/(4eew”2) V2[a0/w];

dd = Ac + Anc; («+calculate pure-matrix failure displacements)

loaddisp = Transpose@ {dlist/dd, plist/pp};

ListLinePlot [loaddisp, PlotRange » {{0, Max[dlist] /dd}, {0, Max[plist] /pp}}, Epilog -+ Point [loaddisp], PlotLabel -+ "Load-displacement curve",
AxesLabel -+ {"Load-point displacement (m)", "Load(N)"}, PlotStyle -+ {{Thick, Blue}, {Thick, Black, Dashed}}]

(+Plot the evolution of the crack shape over the entire specimens)

(+grid lines show location of precrack and the failure displacement of the reinforcements)

Show [Array [ListLinePlot [£inalcrackevolution[#], PlotRange - All, PlotStyle -> Thickness[Large]] &, Length[£finalcrackevolution]],
PlotRange - {{0, w}, {0, Max[finalcrackevolution[[All, All, 2]]]}}, GridLines - {{a0}, {A2}}, PlotRangePadding -» None, AxesOrigin - {0, 0},
PlotLabel » "Crack growth evolution", AxesLabel -+ {"Position(m)", "Crack opening (m)"}]

(#Plot the crack shape only for the bridging zone, from the precrack to w«)
Show [Array [ListPlot[finalcrackevolution[#], PlotRange -+ All, PlotStyle -> Thickness[Large]] &, Length[finalcrackevolution]],

PlotRange - {{a0, w}, {0, A2}}, PlotRangePadding - None, AxesOrigin - {a0, 0}, PlotLabel -+ "Crack growth evolution (Bridging zone only)",
AxesLabel -+ {"Position(m)", "Crack opening (m)"}]

(#Plot the opening displacements used in the calculations)
Show [Array [ListPlot [finalopeningevolution[#], PlotRange -+ All, PlotStyle -> Thickness[Large]] &, Length[finalopeningevolution]],
PlotRange -+ {{0, w}, {0, Max[finalopeningevolution[[All, All, 2]]]}}, P1 dding - None, igin -+ {0, 0},
PlotLabel -+ "Opening displacements only", AxesLabel - {"Position(m)", "Displacement (m)"}]

(+Plot the closing displacements used in the calculations)
Show [Array [ListPlot [finalclosingevolution[#], PlotRange -» All, PlotStyle -> Thickness[Large]] &, Length[finalclosingevolution]],
PlotRange -+ {{0, w}, {0, Max[finalclosingevolution[[All, All, 2]]1]}}, P1 ing - None, igin - {0, 0},

PlotLabel - "Closing displacements only", AxesLabel - {"Position(m)", "Displacement (m)"}]
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(#Plot the evolution of the stress distribution on the crack face with overlaid error barsw)
Needs ["ErrorBarPlots "]
Show [
Array|
ErrorListPlot [Transpose[{Transpose[finalstressevolution[[#]]][[1]], Transpose[£finalstressevolution[[#]]][[2]],
Abs [Transpose[finalerrordist[[#]]1]1[[2]]11}],
ErrorBarFunction - Function[{coords, errs}, {Opacity[1, Red], Line[{coords - {0, errs[[2, 1]]}, coords+ {0, errs[[2, 1]1]}}1}]] &,

Length[finalstressevolution]], Array[ListLinePlot[finalstressevolution[[#]]] &, Length[final ution]], Pl -+ {{a0, w}, {0, omax}},
Pl dding - None, igin - {a0, 0}, PlotLabel -+ "Crack stress distribution", AxesLabel -+ {"Position(m)", "Stress (Pa)"}]
a a/w X P D |LSB size |Error o |Points
mm MPam®-® N mm mn MPa B
6.25 [0.41 8 0. 0. 0. 0. []
7.01 [0.46 [15.3063 [1019.33 [0.044 0.762 0. 129
7.77 [0.51[21.6935 | 1237.2 [0.059 1.524 0. 129
8.53 [0.56 [29.1866 | 1406.1 [0.073 | 2.28B6 0. 129
9.3 [0.61(38.2513 [1529.33 [0.088 3.048 0. 129
10.06 |0.66 | 50.047 [1622.17 [0.105 3.81 0. 129
10.82 |0.71 [65.3083 | 1662.5 [0.124 | 4.572 0. 129
11.58 |0.76 [84.3083 |1611.76 (0.143 5.334 0. 129
12.34 (0.81 [106.719 [1433.22 [0.159 6.096 0. 129
13.11[0.86 [126.131 [1067.39 [0.175 6.708 0. 129
13.87 [0.91[144.073 | 624.8 [0.214 5.339 0. 129
14.63 [0.96 [177.653 | 226.24 [0.369 3.329 0. 129
) Crack growth evolution
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50x107 00001
0 Displacement(m) 00000 Position(m)
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Large - Scale Bridging Code: Case 2

ClearAll["Global  «"];
Input data

R-Curve and Bridging Law Guess

(*+ Input the R-curve points in lists of a/w and Kyp (MPa) «)

rcurve = Transpose@® {{0.5°, 0.52", 0.54", 0.56", 0.58", 0.6, 0.65", 0.7", 0.75", 0.8000000000000002"},
{10.6567122438882", 13.25389394589456", 16.340948701249737", 19.53250502206072",
22.906565213184184", 26.652268761857048", 38.15539941713198", 54.45012313651892",
80.0983111463113, 122.29455710376598"}};

rcurveint = Interpolation[rcurve, InterpolationOrder - 1];

Bridging Law Guess Values

omax = 1 (1076); («+ peak stress in Pa «)

Al = 0.1 (10”-6); (» displacement at peak stress in m )

n = 0.0001; (»variable to describe the shape of post-peak curvew)

A2 = 350 (10" -6); (» failure displacement of bridging ligaments in m «)
or =0; (» residual stress in ductile phase )

Specimen Geometry

s = 0.02028698; (« span in m «)

w=8/4; (»+ width in m «)

b =w/2; (» thickness in m «)

shape[x_] := 1; («Face orientation meshing shape functionw)

Matrix properties

e = 410 (1079); (» Young's modulus in Pa «)
v = 0.28; (» Poisson's ratio «)

Calculation parameters

conv = 0.1+%10”6; (» convergence criterion for stress distribution in Pa &)

cconv = 0.0001; (» convergence criterion for bridging zone length as a fractional change «)

breakcheck = 0.9999; («convergence criterion to resolve instances where the error in stress

distribution oscillatess)

maxbreak = 5; (vmaximum number of times the error can increase with each iteration in the stress
disctribution calculation; lower values may cause convergence on local minima insteaed of global minumumw)
Alstep = 0.1#10"-6; (+ step size in Al for simultaneous calculation of cmax and Al «)

nconv = 0.01; (rconvergence criterion for n as a fractional changew)

npower = 5; (vgain exponent to increase convergence speed for nw)

Calculation

List Setup

a0 = rcurve([[l, 1)) w; (» Pre-crack depth in m comes from R-curvew)
al = rcurve[[2, 1]] w; (» first calculated crack length comes from R-curvew)
KIC = rcurve[[l, 2]] (10”76); (» matrix toughness comes from R-curves)

c=a0; (» set the initial bridging zone edge as the precrack length «)
a=al; (» set the first crack growth increment for calculating Kpp )
e0 =0/ (1-v*2); (» Plane strain Young's modulus «)

gg=e/(2+2v);(» Shear modulus «)

oguess = omax; (+ guess for crack face traction in Pa «)

62



(»+ Creates lists that will be filled during iteration, starting from initial values «)
alist = {(a0)j) (+list of all crack lengths used to calculate the R-curvew)

clist = {(a0)}; (v+list for values of the end of the bridging zone calculated for each crack lengthw)
Klist = {KIC); («+list of Kyz valuesw)

plist = {0)}; (vlist of applied loadsw)

dlist = {0}; (»list of load-point displacementsw)

error = {0}; («1list of the convergent error for the stress distribution for each crack lengthw)
finalerrordist = {}; («list of the distribution of bridging-

stress errors along the crack face for each crack lengthw)

finalstressevolution = {}; (+list of the stress distributions for each crack lengthw)
finalcrackevolution = {}; (+list of the crack shapes for each crack lengthw)
finalopeningevolution = {}; («list of crack opening displacement distributions«)
finalclosingevolution = {}; («+list of crack closing displacement distributions«)

points = {0); (vnumber of points in the mesh for each crack lengthw)

cmaxlist = {};
Allist = (};
nlist = {};

Function Definitions

(« Bridging law w)
ob[4 ] :=
Piecewise[{{0, A< 0}, {(omax-or) (4/Al1l), 05 As<Al},
{(omax/2) (1~ (A-Al)/(A2-A1)) "n+ (omax/2) (1~ ((A-A1)/ (A2-A1))"(1/n)), Al <A sA2)}, {0, A2 <A}}];

(» Correction factor for 3pb Ky pw)
Fl[x_ ] := Pi"-0.5(1.99 - x(1-x) (2.15 - 3.93x + 2.7x72))/((1+2x) (1-x)"1.5);

(«#Correction factor for 3pb Ky p;w)

gl[x ] :=0.46+3.06x + 0.84 (1-x)"5 + 0.66x"2 (1-x)"2;

g2[x_ ] := -3.52x"2;

g3[x ] :=6.17 -28.22x +34.54x"2 -14.39x"3 - (1-x)"1.5-5.88(1-x)"5-2.64x"2(1-x)"2;
g4[x ] = -6.63+25.16x -31.04x"2 +14.41x"3 +2(1-x)"1.5+5.04(1-x)"5 +1.98x"2 (1-x)"2;
Glx_, vy ] :=9l(y] +92[y] x + g3[y] x"2 +gd[y] x"3;

F2[(x , y ] :=G[x, y]/(1-(y)) 1.5/ (1~ (x)"2)"0.5;

(v Stress intensity at crack tip due to a pair of point forces on the crack face «)
KIF[f , x ,a ):=2f/(Pia)”0.5F2([x/a, a/w);

(+ Stress intensity at the crack tip due to remote loading in 3-point bending «)
KIP[P , a ) := (6/w"2) (Ps/4) (Pia) "0.5F1l[a/w]; (+P (Pi a)"0.5 Fi[a/w];»)

(«Crack opening displacements from remote loadingw)
AP [z ] :=
2 /ee NIntegrate [KIP[Pguess, x) D[KIF[f, =z, x], £f], {x, =z, a}, Method + {Automatic, "SymbolicProcessing” - 0},
MaxRecursion -+ 0] ;

(«Crack closing displacements from bridging - requires nested numerical integrationw)
AFinner [z _? NumericQ, a_ ? NumericQ] :=
NIntegrate [KIF[ox[aaa], aaa, a], {aaa, ¢, z}, Method -+ {Automatic, "SymbolicProcessing” -+ 0},
MaxRecursion - 0] ;

AF [z_, zz_) 1=
2/ee NIntegrate[AFinner[aa, aa)] D[KIF[f, z, aa), £], {aa, zz, a},
Method + {Automatic, "SymbolicProcessing” - 0}, MaxRecursion -+ 0];

(#Remote load (3pb) for specified crack length and applied stress intensityw)
P[KI , a ] :=KI/(6s/(4w"2) (Pia)"0.5Fl[a/w]);

(*Function used in calculation of load-point displacementsw)

V2[x_ ] t= (x/(1-x))"2(5.58-19.57 x +36.82x"2 -34.94x"3 +12.77 x"4);
Ao = Al; (vnote the initial Al guessw)
(«#Initial guess for bridging zone stress distributionw)

ox0 = Interpolation[{{-20"-10, 0}, {¢-10"-10, 0}, {c, oguess}, {a, oguess}, {a+ 10" -10, 0}, {w, 0}},
InterpolationOrder -+ 1];
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Estimate 0.« and A| Simultaneously

omaxcheck = 1; (xinitial value for variable that determines when to stop calculaing Al and omax estimatess)

(#Output useful information about the state of the calculationw)
Print["Crack length (a/w), Cnax (MPa), A; (pm), n, and A; (pm)"])
Dynamic[{a/w, omax+10"-6, Al%«10"6, n, A2+10"6}]

Dynamic [ListPlot [Transpose@ {Allist, omaxlist}]]

While[omaxcheck > 0, (+«this loop will stop when the calculated Al vs. ocmax curve passes its maximum)

a = a0 + (Pi/2 (ee/4/KIC (Al)) "2);
(+» set a short increment in crack growth such that the bridging zone displacements will not
go past the guessed Al value *)

(*The adaptive mesh is very important for this calculationws)

(#Ratios for scaling the distribution of guess points when the bridging zone changes sizex)
scalel = («(a-c)/(al-al)«)1;
scale2 =c/a0;

(*These values can be adjusted: higher numbers mean a denser mesh and longer calculation timex)
xxxl = Round [5 scale2]; (+#mesh density in the short region near crack mouthws)

xxx2 = Round [5 scale2]; (+mesh density for the majority of the non-bridged portion of the cracks)
xxx3 = Round [5 scale2]; (#mesh density in the non-bridged region near the edge of the bridging zonex)
xxx4 = Round [25 scalel]; (+mesh density in the short region in the bridging zone near its edgex)
xxx5 = Round [50 scalel]; (+mesh density for the majority of the bridging zonex)

xxx6 = Round [100 scalel]; (+mesh density near the crack tips)

(#Define the mesh of x-values at which the crack face displacements and stresses will be calculateds)
cdata = Join[Array[#+0.03 /xxx1 &, xxx1+1, 0], Array[0.03 + #« (0.96 - 0.03) / xxx2 &, xxx2, 1],
Array[0.96 + #% (1-0.96) /xxx3 &, xxx3 -1, 1]];

bridgex = Join[Array[# «0.25/ xxx4 &, xxx4, 1], Array[0.25+ # (0.75 - 0.25) / xxx5 &, xxx5, 1],
Array[0.75+ # (1-0.75) / xxx6 &, xxx6, 1]];

(#mesh of points for calculating stress distribution and crack-face displacementss)
guessx = Sort[Join[cdatac, {¢-10"-10, ¢, ¢+ 10" -10}, c + bridgex (a-¢c)]];

(#Set an initial value for the error between omax guessess)
odiff = 1000000000. ee; (*an arbitrarily high initial guess value that will be higher than
the convergence criterion )

(#Create lists for the internal iteration process,

where the lowest-error solution will be put into the main solution listws)
stressevolution = {}; (+#holds the stress distribution list as it converges;
the convergent value is saved in the list defined abovex)
crackevolution = {}; (#same function, for crack shapex)

closingevolution = {}; (+same function, for closing displacements«)
openingevolution = {}; (+#same function, for opening displacements«)

Klistl = {}; (+»same function, for Kigw)

plistl = {}; (+»same function, for Px)

omaxguess = {}; (#same function, for omaxx)
nguess = {}; (#same function, for n«)

Alguess = {}; (#same function, for Alx)

break = 0; (#initial value for a counter that allows a certain number of increases in error to occur,
in an attempt to move past local minima towards the global minimumw)
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(» Iterative loop that calculates opening profile and stresses using stress distribution
convergence criterion =)
While[odiff > conv,

(«A check to make sure that the mesh of x-
values does not force the code to attempt to make any calculations beyond the crack tips)
While[guessx|[[Length[guessx]]] > a, guessx = Delete[guessx, -1]];

(#Calculate the total stress intensity reduction due to the bridging zone,
the applied stress intensity, and applied loads)
Clear [AKIF, KIR, Pguess];
AKIF = NIntegrate [KIF[shape[aaa] ox0[aaa], aaa, a], {aaa, ¢, a},
Method -+ {Automatic, "SymbolicProcessing” - None}, MaxRecursion - 0];
(#»calculated stress intensity shielding due to bridging zone;
integrals are optimized for speed and errors are reduced by multiple iterative passesx)

(#Scale the stress distribution and the corresponding omax guess using the known K;z value
for this crack lengthw)

Ktrue = rcurveint[a/w] «1076; («the true K,, value for the current crack length«)

Kratio = (Ktrue - KIC) /AKIF; («this is a scaling factor for the current stress intensity
shielding valuewx)

Clear[ox];
ox[x_] := KratiooxO[x]; (~update the stress distributions)

(#»recalculate values and continue using the updated stress distributionw)

Clear [AKIF, KIR, Pguess];

AKIF = Re[NIntegrate[KIF[ shape[aaa] ox[aaa], aaa, a), {aaa, c, a},
Method -> {Automatic, "SymbolicProcessing” -> None}]];

KIR = KIC + AKIF;

Pguess = P[KIR, a];

omax = Kratioomax; (+~update the bridging law parameter guess)

(#«Calculate the constant value for crack face closing displacements at all points behind
the bridging zonex)
Clear [opening, closing, Anet, odist];

(«Calculate crack face opening displacements at all mesh pointsw)
opening = Array[If [guessx[[#]] 2a, 0, Re[AP[guessx[[#]]]], 10" -10] &, Length[guessx]];

(«Calculate crack face closing displacements at all mesh pointsw)
(#using this loop structure prevents memory overflowsx)
counterl = 1;
closing = Re [Reap|[
Do [
Sow [
If[guessx[[counterl]] <c,
AF [guessx [ [counterl]], c],
AF[g [c terl]], g [t terl]]]
]
1:
++counterl;
» {Length[guessx]}
1
]
[r21]
(111
1i

(#Calculate net crack face displacements, preventing negative valuesx)
Anet = Array[If [opening[[#]] - closing[[#]] <0, O, opening[[#]] - closing[[#]]] &, Length[guessx]];

(*Calculate crack face stresses at all mesh points using bridging laww)
odist = Array[Re[ob[Anet[[#]]]] &, Length[guessx]];

(#*Ensure that there is no stress behind the bridging zone;
broken ligaments are handled by the definition of odists)
Do[odist = Delete[odist, 1]

, {Length[Select[guessx, #<c &]]}];
Do [PrependTo[odist, 0]

, {Length[Select[guessx, #<c &]]}];
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(«Make sure there are no undefined points in the functions over the entire width of the
specimen by adding the values of each distribution at x=ww)

AppendTo[guessx, w];

AppendTo[odist, 0);

AppendTo[Anet, 0];

AppendTo[closing, 0];

AppendTo [opening, 0];

(«Interpolate over the stress distributionw)
Clear [ocinterp];
ointerp = Interpolation|[Transpose® (guessx, odist), InterpolationOrder -+ 1)];

(«Record the calculated values for this intermediate iteration to allow for examination
of how the distribution converges to a self-consistent solutionw)

AppendTo[stressevolution, Transpose® {guessx, odist}];

AppendTo [crackevolution, Transpose®@ {guessx, Anet}];

AppendTo [openingevolution, T P e (g x, opening}];

AppendTo[closingevolution, Tr P e(g x, closing}];

AppendTo[Klistl, KIR];

AppendTo[plistl, Pguess];

(wprevent infinite loopsw)
If[omax == omaxquess[[-2]], Break[]];

AppendTo [omaxguess, omax];
AppendTo[Alguess, Al);

(wcheck for convergence in the omax guessw)
I1f[Length[omaxguess] > 1,

odiff = Abs[omaxguess|[[Length[
1;

g 11] - g [ [Length [omaxguess] - 1]]]

(#update the stress distribution for the next iterationw)
Clear[ox0];
ox0 = ointerp;

1;

(w#update the check value that determines whether to continue calculating estimates for Al and omaxw)
If[Length[omaxlist] > 1, heck = g [ [Length[omaxguess]]] - omaxlist[[Length[omaxlist]]]
1;

(#record convergent solutions for this crack lengthw)
AppendTo[omaxlist, omaxguess|[[Length[omaxguess]]]];
AppendTo[Allist, Alguess|[[Length[Alguess)]]];

(w#increase Al by the specified step sizew)

Al = Al + Alstep;
1i
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(#Select the best-guess point from the Al vs. ocmax estimate curvewx)

delloop = 0; (+#initial value for iteratorw)
lmlist = {}; (rcreate a list to fill with linear model fitss)

(*with each iteration, select one fewer point from the Al vs. cmax curve to perform a linear regression,
then save the regression results in a lists)
Do[

Clear[Allist2, omaxlist2, 1lm];

Allist2 = Drop[Allist, -delloop]; (#select the list of Al valuess)

omaxlist2 = Drop[omaxlist, -delloop]; (+select the list of omax valuess)

lm = LinearModelFit[Transpose® {Allist2, omaxlist2}, x, x]; (+«fit a line to the current set of points«)
AppendTo[lmlist, 1lm];

++delloop;

, {Length[Allist] - 2}]

rsquaredlist = Array[lmlist[[#]]["RSquared"] &, Length[lmlist]];
(*pull only the R’ values from the list of linear modelss)

(*Find the index of the first local maximum r-squared value,
which corresponds to the index of the "yield" point, counting from the right in Allist and ocmaxlistw)
test = Array[rsquaredlist[[# + 1]] - rsquaredlist[[#]] &, Length[rsquaredlist] - 1];
index = Position[test, Select[test, # < 0 &, 1J[[1]]][[1, 1]]);
(#Select the first value in the "test" list that has a negative value,
corresponding to the first local maximum in the list of R? values. This index corresponds to
the point at which the plot of estimated Al and omax values starts to go nonlinearw)

(*Choose the final estimates for these two parametersx)
Al = Allist[[-index]];
omax = omaxlist[[-index]];

Crack length (a/w), Cnax (MPa), £&; (um), n, and &, (um)
(0.8, 401.781, 1., 1.18989, 350}

sx10% | A
ax108 -
Ix10% | . :
2x10% | . : .
1x10% | . ’
5.x1077 1.x107% 15x107¢ 2.x107%
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Estimate n

n = 100; (vhigh initial guesses can help n converge more quicklyw)
RCurvelist = {}; (rcreate a list to hold each successive R-curve estimate as n convergesx)

(#integrate the true R-curve with respect to a/w to use for scaling the n guesss)
rcurvetotal =
NIntegrate[rcurveint[x], {x, Transpose[rcurve][[1l, 1]], Transpose[rcurve] [[1l, Length[rcurve]]]}];

ncheck = (1 + nconv) /2; (+initial value for the n convergence checkw)

Print["Crack length (a/w),esum, omax(MPa),A; (im), n, and A; (wm)"]
Dynamic[{a/w, esum, omax+«10" -6, Al%«10"6, n, A2+10"6}]

(»Show the convergence of the R-curves corresponding to each successive iteration in n«)
Dynamic [
Show [
Array [
ListLinePlot [RCurveList[[#]], PlotStyle » Opacity[0.5, Blue]] &, Length[RCurveList] - 1
] r
ListLinePlot [RCurvelList [ [Length [RCurvelList]]], PlotStyle -» Opacity[1l, Red]], ListPlot[rcurve],
AxesOrigin - {0, rcurve[[1l, 1]]},
PlotRange - { {Transpose[rcurve] [[1, 1]], 1},
{0, Max [Max [Transpose[rcurve] [[2]]], Max [Transpose[RCurveList[[-1]]1]1[[2]]]]}}

(*Loop for varying nw)
While[ncheck > nconv,

c = a0; («reset the bridging zone edge to the precrack lengthw)

alist = Transpose[rcurve] [[1]] w;

(«the list of crack lengths has already been defined by the true R-curvewx)

ninc = Length[alist] - 1; (+#set the number of iterations to match the number of actual R-curve pointsw)

(#Initial guess for bridging zone stress distributionw)
ox = Interpolation[{{-20"-10, 0}, {c¢-10"-10, 0}, {c, omax}, {a, omax}, {a+ 10" -10, 0}, {w, 0}},
InterpolationOrder - 1];

loop = 2; (#start with 2 because the first calculation occurs at the second point in the R-curvewx)

clist = {a0}; (+»list for values of the end of the bridging zone calculated for each crack lengthwx)
Klist = {KIC}; (+list of K,, values«)

plist = {0); (xlist of applied loadsw)

dlist = {0}; (+»list of load-point displacementsx)

error = {0)}; (»list of the convergent error for the stress distribution for each crack lengthw)
finalerrordist = {}; («list of the distribution of bridging-

stress errors along the crack face for each crack lengthwx)

finalstressevolution = {}; («list of the stress distributions for each crack length«)
finalcrackevolution = {}; («list of the crack shapes for each crack length«)
finalopeningevolution = {}; («list of crack opening displacement distributions«)
finalclosingevolution = {}; («list of crack closing displacement distributions«)

points = {0}; (+»number of points in the mesh for each crack lengthwx)
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Do [

a = alist[[loop]];
(#make sure that the crack lengths used in the calculation are the same as those measured in the R-
curvewx)

(#The following is the same as in Case 1lx)
Label ["resetc"];

If[loop==1,
scalel = (a-c) / (al -a0);
scale2 =c/a0;

xxx1 = Round [5 scale2];
xxx2 = Round [5 scale2];
xxx3 = Round [5 scale2];
xxx4 = Round [25 scalel];
xxx5 = Round [50 scalel];
xxx6 = Round[100 scalel];

cdata = Join[Array[#+«0.03 / xxx1 &, xxx1+1, 0], Array[0.03 + #« (0.96 - 0.03) / xxx2 &, xxx2, 1],
Array[0.96 + #x (1-0.96) /xxx3 &, xxx3 -1, 1]];

bridgex = Join[Array[#+0.25/ xxx4 &, xxx4, 1], Array[0.25+ # (0.75 - 0.25) / xxx5 &, xxx5, 1],
Array[0.75+ # (1 -0.75) / xxx6 &, xxx6, 1]]
1;

guessx = Sort[Join[cdatac, {¢-10"-10, ¢, ¢ +10"-10}, c + bridgex (a-c)]];

esum = 1000 000 000. ee;
elist = {esum};

stressevolution = {};
crackevolution = {};
closingevolution = {
openingevolution = {
Klistl = {};

plistl = {};

errorl = {};
errordist = {};

}i
}i

break = 0;
While[esum > conv,
While[guessx[[Length[guessx]]] > a, guessx = Delete[guessx, -1]];
Clear [AKIF, KIR, Pguess];
AKIF = NIntegrate [KIF[ shape[aaa] ox[aaa], aaa, a], {aaa, ¢, a},
Method » {Automatic, "SymbolicProcessing” - None}, MaxRecursion - 0];
KIR = KIC + AKIF;
Pguess = P[KIR, a];

Clear [opening, closing, Anet, odist];

opening = Array[If[guessx[[#]] 2a, 0, Re[AP[guessx[[#]]]], 10" -10] &, Length[guessx]];
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counterl = 1;
closing = Re [Reap|[
Do [
Sow [
If[guessx[[counterl]] <c,
AF [guessx [ [counterl]], c],
AF[g [t terl]]l, g x[[counterl]]]
]
1i
++counterl;
, {Length[guessx]}
]
]
[r211]
[l
1:

Anet = Array[If[opening[[#]] - closing[[#]] <0, 0O, opening[[#]] - closing[[#]]] &, Length[guessx]];
odist = Array[Re[ob[Anet[[#]]]] &, Length[guessx]];

Do [odist = Delete[odist, 1]

, {Length[Select[guessx, #<c &]]}];
Do [PrependTo[odist, 0]

, {Length[Select[guessx, #<c&]]}];

AppendTo[guessx, w];
AppendTo[odist, 0];
AppendTo[Anet, 0];
AppendTo[closing, 0];
AppendTo[opening, 0];

Clear[ointerp];
ointerp = Interpolation[Transpose@ {guessx, odist}, InterpolationOrder - 1];

ex = odist - Array[ Re[shape[guessx[[#]]] ox[guessx[[#]]]] &, Length[guessx]];
esum = Sum[Abs[ex[[x]]], {x, Length[ex]}];

check = (Min[elist] - esum) /Min[elist];

If[check < 0, ++break];

If [break > maxbreak, Break[]];

If[break > 0, If [Abs[check] > breakcheck, Break[]]];

AppendTo[stressevolution, Transpose® {guessx, odist}];
AppendTo [crackevolution, Transpose®@ {guessx, Anet}];
AppendTo [openingevolution, Transpose@ {guessx, opening}];
AppendTo[closingevolution, Transpose@ {guessx, closing}];
AppendTo[Klistl, KIR];

AppendTo[plistl, Pguess];

AppendTo[errorl, esum];

AppendTo[errordist, Transpose@ {guessx, e€x}];
AppendTo[elist, esum];

Clear[ox];
ox = ointerp;

If[Min[elist] == 0, Break[]];
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cguess = ¢;
result = Extract [Position[errorl, Min[errorl]], {1, 1}];

Clear [crackshape, ccheck];

crackshape = Interpolation[crackevolution[[result]], InterpolationOrder - 1];

ccheck = If [Max [Transpose[crackevolution|[[result]]][[2]]] 2 A2, x /. FindRoot [crackshape[x] = A2, {x, a0/2}],
0]1;

c = Max [ccheck, a0];
If[Abs[ (c - cquess) /cguess] 2 cconv, Goto["resetc"]];

AppendTo[clist, c];

AppendTo[Klist, Klistl[[result]]];

AppendTo[plist, plistl[[result]]];

AppendTo[error, errorl[[result]]];
AppendTo[finalstressevolution, stressevolution[[result]] ];
AppendTo[finalcrackevolution, crackevolution[[result]] ];
AppendTo[finalopeningevolution, openingevolution|[[result]]
AppendTo[finalclosingevolution, closingevolution|[[result]]
AppendTo[finalerrordist, errordist[[result]]];
AppendTo[points, Length[guessx]];

1;
1;

loop++;
, {ninc}];

(#integrate the estimated R-curve with respect to a/ww)
Clear [rcurveEst];
rcurveEst = Transpose@ { (alist) /w, Klist /1000000};
rcurveEstInt = Interpolation[rcurveEst, InterpolationOrder - 1];
rcurveEsttotal = NIntegrate[rcurveEstInt [x],
{x, Transpose[rcurveEst] [[1, 1]], Transpose[rcurveEst] [[1l, Length[rcurveEst]]]}];

rcurveratio = rcurveEsttotal / rcurvetotal; (+set a scale factor to update the n guess«)
n = n» rcurveratio “npower; (~update n, using the gain exponent npower to increase the convergence speeds)

(#update the convergence check by calculating the fractional change in n«)
If[Length[nlist] >0,

ncheck = Abs[nlist[[-1]] -n] /nlist[[-1]]

1:

(#record the estimates for n and for the R-curve, and repeat until n convergesx)
AppendTo[nlist, n];
AppendTo [RCurvelList, rcurveEst];

]

Crack length (a/w),csum, cmax(MPa),&; (um), n, and &, (um)

(0.8, 65043.8, 401.781, 1., 1.18989, 350}
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