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Abstract

Searching for Causality in AdS/CFT

by

William R. Kelly

String theory with certain asymptotically AdS boundary conditions can be de-

fined non-perturbatively using the AdS/CFT correspondence, which reformulates

the theory in terms of a non-gravitational quantum field theory in a lower dimen-

sional spacetime. In this way many of the subtleties of quantizing gravity are

circumvented, however, the price of this simplification is that locality is no longer

manifest, even in an approximate sense. In this dissertation we study features of

asymptotically AdS spacetimes related to causality and search for these properties

in the dual CFT description. We begin by reviewing some of the salient features

of the correspondence and studying some puzzles related to the Ryu–Takayanagi

conjecture. We then show that the notion of boundary causality associated with

the Gao–Wald theorem implies that holographic CFT’s on Minkowski space must

satisfy the averaged null energy condition (ANEC). The ANEC is a quasilocal

energy condition that requires the integrated null energy on a null line to be

positive. Any violations of this condition in a holographic theory would result

in “causal shortcuts” through the bulk spacetime which would allow propagation

outside of the light cone in the CFT. We next study causal wedges associated with

subregions of the boundary and argue that these regions of the bulk spacetime are

associated with a particular coarse-graining of the CFT reduced density matrix.

viii



In particular, we conjecture that the area of the codimension-two boundary of

these wedges is equal to a particular coarse-grained entropy which we name the

‘one-point entropy.’ We present several suggestive examples in which the conjec-

ture holds as well as a proof that it holds to leading order in a class of spacetimes

with a bulk first law. In an appendix we explain how the conjecture is equivalent

to a statement about the classical Einstein equation which in principle could be

rigorously proven or falsified.
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Chapter 1

Introduction

An important observation about the world we live in is that the past seems to

influence the future, but not the other way around. In modern physics this ob-

servation is closely associated with the theory of relativity because relativistic

theories with a well posed initial value formulation have causality properties like

those we observe in nature. In particular, the past can only influence the part of

spacetime that lies inside its future light cone (see Fig. 1.1).

An early challenge faced by the theory of relativity was to provide a relativistic

description of gravity. Gravity provides a unique challenge to the principle of

relativity because general arguments suggested (and later experiments confirmed)

that the gravitational field deflects light. In order to formulate a relativistic theory

of gravity it was ultimately necessary to abandon the concept of a fixed spacetime

on which fields propagate and treat spacetime itself as a dynamical object.

Fittingly, it seems that a quantum theory of gravity will require a similarly

radical shift in our understanding of spacetime. The uncertainty principle dictates

1



Introduction Chapter 1

The Future

time

Figure 1.1: The future light cone of a single point in spacetime. The cone and
its interior make up the domain of influence of that point.

that quantum fields have significant fluctuations on very small scales. This intu-

ition suggests that the notion of a smooth spacetime will break down at some scale,

presumably set by the Planck length Lp ∼ 10−33 cm.1 In this scenario the causal

structure of relativity is only meaningful on distance scales much larger than Lp.

Equivalently, we could say that the causal structure of spacetime emerges in the

long distance limit of quantum gravity.

In a broad sense this dissertation will focus on the emergence of causality

structure in the theory of quantum gravity known as AdS/CFT. More concretely,

we study causal properties of asymptotically anti-de Sitter (AdS) spacetimes and

interpret them in the language of the dual conformal field theory (CFT). Before

stating our main results, we briefly explain how AdS/CFT provides a quantum

theory of gravity and motivate the investigations in the following chapters.

1This intuition is reinforced by the kinematics of the canonical formulation of general rel-
ativity. If Poisson brackets are promoted to commuters in the usual way then it follows that
“causal structure eigenstates” do not exist.
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1.1 Quantizing Gravity with AdS/CFT

What does it mean to quantize a physical theory? The answer is best il-

lustrated with a simple example. Consider the classical, one-dimensional simple

harmonic oscillator. This system has one degree of freedom x(t) which satisfies

the dynamical equation

ẍ = −ω2x , (1.1)

where dots denote time derivatives. Say that we observe that (1.1) makes accurate

predictions for solutions that satisfy x2 p2 � ~2, where p = mẋ is the canonical

momentum and bars denote time averages. Then we say that this system can be

quantized because there exists a Hilbert space H equipped with a Hamiltonian

H, a Hermitian operator X, and a special set of “semi-classical” states |xi〉 such

that for each solution xi(t) of (1.1) there exists a (highly non-unique) state |xi〉

for which

xi(t) =
〈
xi|eiHt/~Xe−iHt/~|xi

〉
, (1.2)

and as we take the amplitude of xi(t) to be large (or equivalently ~→ 0) quantum

fluctuations become negligible. For example, it is typical to take the |xi〉 to be

coherent states which have the property

〈xi|X2|xi〉 − 〈xi|X|xi〉2 ∼
~
mω

, (1.3)

independent of the amplitude of xi.

3



Introduction Chapter 1

In analogy with this simple example, the project of quantizing gravity amounts

to finding a Hilbert space, Hamiltonian, physical observables, and semi-classical

states which reproduce physically relevant solutions to the Einstein equation

Gµν [gµν ] = 8πGTµν . (1.4)

Here Gµν is the Einstein tensor, G is Newton’s constant, Tµν is the matter stress-

energy tensor, and gµν is the metric tensor that encodes the geometry of spacetime.

The restriction to “physically relevant” solutions excludes considering classical

solutions with arbitrarily large curvature or serious pathologies such as closed

timelike curves.

A potential solution to this problem is given by AdS/CFT duality [1, 2, 3].

The duality was first worked out in the context of string theory and it is believed

that AdS/CFT gives a non-perturbative formulation of string theory. There are

many excellent reviews of this subject [4, 5, 6, 7, 8, 9]. We also provide some

motivation for the conjecture in section 2.5 below.

The best understood example of the AdS/CFT conjecture states that there is

a theory of quantum gravity hidden within the N = 4 super-Yang–Mills, SU(N)

gauge theory in d = 4 spacetime dimensions. We will not make use of the detailed

form of the Lagrangian, however to give a feel for the theory we write it down in

a schematic form

LSYM = − 1

4g2
Tr

[
F 2 + θ̃F ∧ F + 2(DµΦI)2 + χ /Dχ+ χ[Φ, χ]−

∑
IJ

[ΦI ,ΦJ ]2

]
.

(1.5)

4



Introduction Chapter 1

Here F is the field strength of a non-abelian gauge field, χ is a spinor field, and

Φ is a scalar. Both χ and φ are charged under the gauge field and transform in

the adjoint representation. The θ̃ term integrates to a topological invariant. The

presence of this term has implication for properties of the vacuum state, but we

will not discuss it any further here.

According to [1] this theory gives a non-perturbative formulation of type IIb

string theory on AdS5 × S5. The first check of this conjecture is that both the-

ories have the same symmetries. Both theories can be shown to share the same

supersymmetries, conformal symmetries, and a discrete SL(2,Z) global symmetry

at the classical level, and it appears that all of these symmetries are unbroken in

the quantum theory. The superconformal symmetries organize operators in the

theory into “supermultiplets” that are closed under superconformal transforma-

tion. Using this structure it is possible to obtain a complete mapping between

the supergravity fields and a supermultiplet generated by single trace, colorless

operators (see e.g. [5]).

The next step in formulating the correspondence is matching parameters be-

tween the two theories. The gauge theory coupling g and the rank of the gauge

group N are simply related to the length scale Ls and closed string coupling gs

of the string theory. The correspondence is most naturally stated as a relation

involving N and the t’Hooft coupling λ := g2N on the field theory side and the

string length Ls and Planck length Lp := g
1/4
s Ls on the string theory side of the

duality. In terms of these quantities the map is

(
LAdS

Ls

)4

= 4πλ ,

(
LAdS

Lp

)4

= 4πN . (1.6)

5
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Here LAdS is the length scale of the AdS5 (and the radius of the S5) in the string

theory vacuum solution. From these relations we see that we expect to recover the

Einstein equation (1.4) in the limit λ→∞, N →∞, treating λ,N as independent.

Long before [1], t’Hooft showed that in this limit a new perturbative expansion

emerges in the field theory with expansion parameter 1/N [10]. Interestingly

this perturbative expansion is organized by the Euler number of the associated

Feynman diagrams, which was an early hint of a deep connection with string

perturbation theory.

Having matched the fields and parameters between the two theories we next

consider observables. At this point we must confront the obvious issue that the

field theory lives in four spacetime dimensions while the string theory lives in ten.

For simplicity we will work only with states that are symmetric in the S5. It

then only remains to match observables in AdS5 with those in the field thoery. In

this case the map is most natural in Fefferman–Graham gauge (see section 2.2.4

below) in which the AdS5 metric takes the from

ds2 =

(
LAdS
z

)2 (
dz2 + gµν(x, z)dx

µdxν
)

(1.7)

subject to the boundary condition that gµν(x, 0) is the metric of the field theory

spacetime. In these coordinates there is a simple mapping between local, single

trace CFT operators and the asymptotic limit of bulk fields that takes the form

O(x) = lim
z→0

z−∆φ(x, z) , (1.8)

where O is the CFT operator with conformal dimension ∆ dual to the bulk field

6
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φ. Correlation functions between local CFT operators are then computed by

taking variational derivatives of the partition function with respect to field theory

sources. In the large N limit this corresponds to computing the variation of the

bulk action with respect to the boundary conditions.

The above correspondence provides a simple description of local CFT observ-

ables in terms of the bulk spacetime, but it does not manifestly provide a dictio-

nary for operators that are local in the AdS5 bulk spacetime. However, local bulk

operators can be constructed from non-local CFT operators, often by smearing a

local operator over a region of the boundary. The program of constructing these

operators and reproducing local bulk physics from the CFT data is known as ‘bulk

reconstruction’ and explicit constructions exist, at least perturbatively in a 1/N

expansion [11, 12, 13, 14, 15, 16, 17, 18].

A powerful tool for reconstructing the bulk (which we will use extensively

below) is the Ryu–Takayanagi conjecture [19, 20]. In words, the Ryu–Takayanagi

conjecture states the entanglement entropy of region A of the CFT is given by

the area of a minimal surface in bulk theory, anchored to the boundary of A. See

section 3.1 for a precise statement of the conjecture. Recently, a derivation of the

Ryu–Takayanagi conjecture was recently given in [21] and is reviewed in section 3.2

below. This derivation is particularly exciting in light of a series of recent results

have suggested that the Ryu–Takayanagi conjecture may be sufficient to derive

the bulk equations of motion, at least at the linearized level [22, 23, 24].

7
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1.2 Entropy, Energy, and Causality

The focus of the rest of this dissertation will be on using the tools described in

the previous section to learn about how bulk causality is encoded in the CFT. We

begin in chapter 2 by reviewing the details of the gravitational side of the duality.

In particular we present the construction of conserved charges in AdS in a way

that demonstrates the sense in which the AdS/CFT dictionary (1.8) is natural.

Because the Ryu–Takayanagi conjecture will play a central role in the later

chapters of this dissertation, in chapter 3 we address some puzzles that have

arisen when generalizing Ryu–Takayanagi to higher curvature theories of grav-

ity. We explore the space of analytic continuations of the replica manifold that

appear in the Lewkowycz–Maldacena derivation of the Ryu–Takayanagi conjec-

ture [21], and show that there exists a suitable analytic continuation for perturba-

tive Gauss–Bonnet gravity. With the appropriate analytic continuation we derive

the condition that the entropy is computed by extremizing the Jacobson–Myers

entropy of a class of bulk surfaces. We also show that our analytic continuation

can be generalized to allow replica breaking saddles without changing our final

result. This construction resolves some puzzles about entropy of higher curvature

theories that have appeared in the literature, but also raises new questions about

the correct procedure for analytically continuing the replica manifolds.

In chapter 4 we show that field theories living on flat space and having a holo-

graphic description as an asymptotically AdS spacetime satisfying the Einstein

equation must satisfy a positivity condition known as the averaged null energy

condition (ANEC). The proof works by showing that if the ANEC were violated

in the field theory then signals could propagate outside of the light cone by taking

8
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a shortcut through the bulk spacetime (see Fig. 4.1). This result contributes to an

established literature that uses bulk causality to constrain properties of the field

theory, which we review in section 4.2. However, whereas most existing results

use causality to constrain global properties of the CFT, the ANEC is a quasilocal

constraint on the CFT in the sense that it places a constraint on the stress tensor

on every null line in Minkowski space.

In chapter 5 we study the causal wedges of [25] defined as the set of all points

that lie on causal curves with both endpoints in a boundary domain of depen-

dence (see Fig. 5.1 below). It was proposed in [25] that the causal holographic

information χ, defined as the area of the codimension-two intersection of the past

and future horizons of these wedges, is a measure of information associated with

the CFT domain of dependence. We sharpen this intuition by conjecturing that

that causal holographic information is equal to a particular coarse grained entropy

which we call the ‘one-point entropy’ S(1). We present evidence for this proposal

and discuss possible generalizations. We expand upon these results in chapter 6 by

showing that our conjecture holds to leading order about bulk states that satisfy

a first law. This condition includes ball shaped regions of the AdS vacuum state.

This fact, together with the reconstruction results of [22, 23], imply that the the

linearized field equations can be derived from S(1) = χ. Finally, in appendix A

we collect some details about S(1) and reformulate the conjecture S(1) = χ as a

conjecture about the Einstein equations. This reformulation makes the conjecture

rigorously testable, though not with existing analytic or numerical methods.

9
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1.3 Permissions and Attributions

1. The content of chapter 2 is the result of a collaboration with Sebastian

Fischetti and Donald Marolf and has previously appeared as chapter 19 of

the Springer Handbook of Spacetime and as a preprint [26]. It is reproduced

here with express permission from Springer.

2. The content of chapter 3 is the result of a collaboration with Joan Camps and

has previously appeared in the Journal of High Energy Physics (JHEP) [27].

It is reproduced here with the permission of the International School of

Advanced Studies (SISSA), Trieste, Italy. http://jhep.sissa.it/jhep/

help/JHEP/CR_OA.pdf

3. The content of chapter 4 is the result of a collaboration with Aron Wall and

has previously appeared in Phys. Rev. D [28]. It is reproduced here with

permission from the publisher, the American Physical Society: http://

publish.aps.org/copyrightFAQ.html#thesis. See http://forms.aps.

org/author/copytrnsfr.pdf for the official copyright transfer agreement.

4. The content of chapter 5 is the result of a collaboration with Aron Wall and

has previously appeared in the Journal of High Energy Physics (JHEP) [29].

It is reproduced here with the permission of the International School of

Advanced Studies (SISSA), Trieste, Italy. http://jhep.sissa.it/jhep/

help/JHEP/CR_OA.pdf

5. The content of chapter 6 has previously appeared in the Journal of High

Energy Physics (JHEP) [30]. It is reproduced here with the permission of

10

http://jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf
http://jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf
http://publish.aps.org/copyrightFAQ.html#thesis
http://publish.aps.org/copyrightFAQ.html#thesis
http://forms.aps.org/author/copytrnsfr.pdf
http://forms.aps.org/author/copytrnsfr.pdf
http://jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf
http://jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf


Introduction Chapter 1

the International School of Advanced Studies (SISSA), Trieste, Italy. http:

//jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf

6. Part of the content of appendix A is the result of a collaboration with Aron

Wall and all of it has previously appeared in the Journal of High Energy

Physics (JHEP) [29, 30]. It is reproduced here with the permission of the

International School of Advanced Studies (SISSA), Trieste, Italy. http:

//jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf
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Chapter 2

Conserved Charges in

Asymptotically (Locally) AdS

Spacetimes

2.1 Introduction

When a physical system is complicated and non-linear, global symmetries and

the associated conserved quantities provide some of the most powerful analytic

tools to understand its behavior. This is as true in theories with a dynamical

spacetime metric as for systems defined on a fixed spacetime background.

This chapter will explore the asymptotic symmetries and corresponding con-

served charges of asymptotically anti-de Sitter (AdS) spacetimes (and of the more

general asymptotically locally AdS spacetimes). There are three excellent rea-

sons for doing so. The first is simply to gain further insight into asymptotic

12
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charges in gravity by investigating a new example. Since empty AdS space is a

maximally symmetric solution, asymptotically AdS spacetimes are a natural and

simple choice. The second is that the structure one finds in the AdS context

is actually much richer than that in asymptotically flat space. At the physical

level, this point is deeply connected to the fact (see e.g. [31]) that all multipole

moments of a given field in AdS space decay at the same rate at infinity. So

while in asymptotically flat space the far field is dominated mostly by monopole

terms (with only sub-leading corrections from dipoles and higher multipoles) all

terms contribute equally in AdS. It is therefore useful to describe not just global

charges (e.g., the total energy) but also the local densities of these charges along

the AdS boundary. In fact, it is natural to discuss an entire so-called boundary

stress tensor T ijbndy rather than just the conserved charges it defines.

The third reason to study conserved charges in AdS is their fundamental re-

lation to the anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence

[1, 2, 3], which may well be the most common application of general relativity

in 21st century physics. While this is not the place for a detailed treatment of

either string theory or AdS/CFT, no Handbook of Spacetime would be complete

without presenting at least a brief overview of the correspondence. It turns out

that this is easy to do once we have become familiar with T ijbndy and its cousins as-

sociated with other (non-metric) fields. So at the end of this chapter (section 2.5)

we take the opportunity to do so. We will introduce AdS/CFT from the gravity

side without using tools from either string theory or conformal field theory.

We will focus on such modern applications below, along with open questions.

We make no effort to be either comprehensive or historical. Nevertheless, the
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reader should be aware that conserved charges for asymptotically AdS spacetimes

were first constructed in [32], where the associated energy was also argued to be

positive definite.

The plan for this chapter is as follows. After defining and discussing AdS

asymptotics in section 2.2, we construct variational principles for asymptotically

AdS spacetimes in section 2.3. This allows us to introduce the boundary stress

tensor T ijbndy and a similar so-called response function Φbndy for a bulk scalar field.

The conserved charges Q[ξ] constructed from T ijbndy are discussed in section 2.3.4

and we comment briefly on positivity of the energy in section 2.3.5.

Section 2.4 then provides a general proof that the Q[ξ] do indeed generate

canonical transformations corresponding to the desired asymptotic symmetries.

As a result, they agree (up to a possible choice of zero-point) with corresponding

ADM-like charges H[ξ] that would be constructed via the AdS-analogues of the

standard Hamiltonian techniques.The interested reader can find such a Hamilto-

nian treatment in [33, 34, 35]. Below, we generally consider AdS gravity coupled

to a simple scalar matter field. More complete treatments allowing more gen-

eral matter fields can be found in e.g. [36, 37, 38]. Section 2.5 then defines the

algebra Abndy of boundary observables and provides the above-mentioned brief

introduction to AdS/CFT.

2.2 Asymptotically Locally AdS Spacetimes

This section discusses the notion of asymptotically locally AdS spacetimes.

We begin by introducing empty Anti-de Sitter space itself in section 2.2.1 as a

14



Conserved Charges in Asymptotically (Locally) AdS Spacetimes Chapter 2

maximally-symmetric solution to the Einstein equations. We then explore the

asymptotic structure of AdS, and in particular its conformal boundary. This

structure is used to define the notions of asymptotically AdS (AAdS) and asymp-

totically locally AdS (AlAdS) spacetimes in section 2.2.3. Section 2.2.4 then dis-

cusses the associated Fefferman-Graham expansion which provides an even more

detailed description of the asymptotics and which will play a critical role in con-

structing variational principles, the boundary stress tensor, and so forth in the rest

of this chapter. Finally, section 2.2.5 describes how the above structures transform

under diffeomorphisms and introduces the notion of an asymptotic Killing vector

field.

2.2.1 Anti-de Sitter Space

Let us begin with a simple geometric description of (d+1)-dimensional anti-de

Sitter space (AdSd+1) building on the reader’s natural intuition for flat geometries.

We will, however, need to begin with a flat spacetime M2,d of signature (2, d)

having two time-directions and d spatial directions, so that in natural coordinates

T 1, T 2, X1, . . . , Xd the line element takes the form

ds2 = −(dT 1)2 − (dT 2)2 + (dX1)2 + · · ·+ (dXd)2. (2.1)

Consider the (d+ 1)-dimensional hyperboloid H of events in M2,d satisfying

(T 1)2 + (T 2)2 −
d∑
i=1

(
X i
)2

= `2, (2.2)

and thus which lie at a proper distance ` from the origin; see figure 2.1. This
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T 1

R

T 2

τ

r∗

1

Figure 2.1: The hyperboloid (2.2) embedded in M2,d, defining anti-de Sitter space.

hyperboloid is sometimes known as the d+ 1 anti-de Sitter space AdSd+1, though

we will follow a more modern tradition and save this name for a closely related

(but much improved!) spacetime that we have yet to introduce.

The isometries of H are given by symmetries of M2,d preserved by (2.2). Such

isometries form the group SO(d, 2), generated by the rotation in the T 1, T 2 plane

together with two copies of the Lorentz group SO(d, 1) that act separately on

T 1, X1, . . . , Xd and T 2, X1, . . . Xd. This gives (d+ 1)(d+ 2)/2 independent sym-

metries so that H is maximally symmetric.

A simple way to parametrize the hyperboloid is to write T 1 =
√
`2 +R2 cos(τ/`)

and T 2 =
√
`2 +R2 sin(τ/`), with R2 =

∑
(X i)2 so that the induced line element

on H becomes

ds2
AdSd+1

= −
(
R2/`2 + 1

)
dτ 2 +

dR2

R2/`2 + 1
+R2 dΩ2

d−1. (2.3)

On H, the coordinate τ is periodic with period 2π. But this makes manifest that

H contains closed timelike curves such as, for example, the worldline R = 0. It
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is thus useful to unwrap this time direction by passing to the universal covering

space of H or, more concretely, by removing the periodic identification of τ (so

that τ now lives on R instead of S1). We will refer to this covering space as the

anti-de Sitter space AdSd+1 with scale `. Of course, the line element remains that

of (2.3). Since any Killing field of H lifts readily to the covering space, AdSd+1

remains maximally symmetric with isometry group given by (a covering group of)

SO(d, 2).

The coordinates used in (2.3) are called global coordinatesanti-de Sitter space,

since they cover all of AdS. We can introduce another useful set of coordinates,

called Poincaré coordinates, by setting z = `2/
(
T 1 +Xd

)
, t = `T 2/

(
T 1 +Xd

)
,

and xi = `X i/
(
T 1 +Xd

)
for i = 1, . . . , d− 1. The metric then becomes

ds2
AdSd+1

=
`2

z2

(
−dt2 +

d−1∑
i=1

(
dxi
)2

+ dz2

)
. (2.4)

Poincaré coordinates take their name from the fact that they make manifest a

(lower dimensional) Poincaré symmetry associated with the d coordinates t, xi.

As is clear from their definitions, these coordinates cover only the region of AdS

where T 1 + Xd > 0. This region is called the the Poincaré patchanti-de Sitter

space. While we will not make significant use of (2.4) below, we mention these

coordinates here since they arise naturally in many discussions of AdS/CFT which

the reader may encounter in the future.

Since AdS is maximally symmetric, its Riemann tensor can be written as an
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appropriately symmetrized combination of metric tensors:

Rµνσλ =
1

d(d+ 1)
R (gµσgνλ − gµλgνσ) . (2.5)

A computation shows that the scalar curvature of AdS is R = −d(d + 1)/`2,

and thus that AdS solves the vacuum Einstein field equations with cosmological

constant Λ = −d(d− 1)/2`2:

Rµν −
1

2
Rgµν + Λgµν = 0. (2.6)

In this sense, AdS is a generalization of flat space to Λ < 0.

2.2.2 Conformal Structure and Asymptotic Symmetries of

AdS

We now turn to the asymptotic structure of AdS, which will be a crucial

ingredient in the construction of conserved charges. It is useful to introduce a

new radial coordinate r∗ = arctan(R/`), so that the line element becomes

ds2
AdSd+1

=
`2

cos2 (r∗)

[
−dτ 2/`2 + dr2

∗ + sin2 (r∗) dΩ2
d−1

]
. (2.7)

We can immediately identify r∗ = π/2 as a conformal boundary, leading to the

conformal diagrams shown in Figure 2.2.2.

It is evident from the conformal diagram that AdS is not globally hyperbolic.

In order to evolve initial data on some spacelike surface Σ arbitrarily far forward

(or backward) in time, one needs to supply additional information in the form

18



Conserved Charges in Asymptotically (Locally) AdS Spacetimes Chapter 2

T 1

R

T 2

τ

r∗

1

I +

I +

I −

I −

i+

i−

i0
τ

∂M C

2

Figure 2.2: Conformal diagramsanti-de Sitter space of AdSd+1, showing both
the global spacetime and the region covered by the Poincaré patch. In both
figures, the τ direction extends infinitely to the future and to the past. In (a), a
full Sd−1 of symmetry has been suppressed, leaving only the τ , r∗ coordinates
of (2.7). The dotted line corresponds to r∗ = 0. In (b), one of the angular
directions has been shown explicitly to guide the reader’s intuition; the axis of
the cylinder corresponds to the dotted line in (a). The Poincaré patch covers a
wedge-shaped region of the interior of the cylinder which meets the boundary
at the lines marked I± and the points marked i±, i0. These loci form the
null, timelike, and spacelike infinities of the associated region (conformal to
Minkowski space) on the AdS boundary.
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of boundary conditions at the conformal boundary. Such boundary conditions

will be discussed in detail in section 2.3, where they will play critical roles in our

discussion of conserved charged.

Although the line element (2.7) diverges at r∗ = π/2, the rescaled metric

ĝ =
cos2(r∗)

`2
gAdSd+1

(2.8)

defines a smooth manifold with boundary. In particular, the metric induced by ĝ

at r∗ = π/2 is just that of the flat cylinder R× Sd−1, also known as the Einstein

static universe (ESU). The manifold with boundary will be called M and the

boundary itself (at r∗ = π/2) will be called ∂M . Of course, we could equally well

have considered the more general rescaled metric

ĝ′ =
cos2(r∗)

`2
e2σ gAdSd+1

, (2.9)

where σ is an arbitrary smooth function on M . This metric is also nonsingular

at r∗ = π/2, but the induced geometry on ∂M is now only conformal to R×Sd−1.

The choice of a particular rescaled metric (2.9) (or, equivalently, of a particular

rescaling factor cos2(r∗)
`2

e2σ) determines a representative of the corresponding con-

formal class of boundary metrics. This choice (which still allows great freedom

to choose σ away from ∂M) is known as the choice of conformal frame. We shall

often call this representative “the boundary metric,” where it is understood that

the above choices must be made for this term to be well-defined.

Although it is not critical for our discussion below, the reader should be aware

of the asymptotic structure of the Poincaré patch and how it relates to that of
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global AdS as discussed above. From (2.4) we see that the conformal boundary

lies at z = 0. The rescaled metric

ĝ =
z2

`2
gAdSd+1

(2.10)

is regular at z = 0, where the induced metric is just d-dimensional Minkowski

space. Now, it is well known [39] that Minkowski space M1,d−1 is conformally

equivalent to a patch of the Einstein static universe R× Sd−1. We conclude that

z = 0 of the Poincaré patch is a diamond-shaped piece of ∂M , as shown at right

in Figure 2.2.2.

In the interior of AdS the Poincaré patch covers a wedge-shaped region. This

can be thought of as follows: future-directed null geodesics fired from i− in Fig-

ure 2.2.2 are focused onto i0; these geodesics are generators of a null hypersurface

which we shall call the past Poincaré horizon H−Poincaré. Likewise, future-directed

null geodesics fired from i0 are focused onto i+, generating the future Poincaré

horizon H+
Poincaré. The Poincaré patch of AdS is the wedge enclosed by these

horizons.

2.2.3 A definition of Asymptotically Locally AdS Space-

times

When the spacetime metric is dynamical the choice of boundary conditions

plays an especially key role in constructions of conserved charges. In this chapter

we consider boundary conditions which force the spacetime to behave asymptot-

ically in a manner at least locally similar to (2.3). It turns out to be useful to
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proceed by using the notion of a conformally rescaled metric ĝ which extends suffi-

ciently smoothly to the boundary. After imposing the equations of motion, this ĝ

will allow us to very quickly define both asymptotically AdS (AAdS) and asymp-

totically local AdS spacetimes (AlAdS). Below, we follow [40, 41, 36, 42, 43, 44, 45].

To begin, recall that our discussion of pure AdS above made use of the fact

that the unphysical metrics defined in (2.8) and (2.10) could be extended to the

conformal boundary ∂M of AdS. We can generalize this notion by considering

any manifold M (often called ‘the bulk’) with boundary ∂M and allowing metrics

g which are singular on ∂M but for which but there exists a smooth function Ω

satisfying Ω|∂M = 0, (dΩ)|∂M 6= 0 (where |∂M denotes the pull-back to ∂M),

and Ω > 0 on all of M , such that

ĝ = Ω2g (2.11)

can be extended to all of M as a sufficiently smooth non-degenerate metric for

which the induced metric on ∂M has Lorentz signature. We will discuss what is

meant by sufficiently smooth in more detail in section 2.2.4, but for the purposes

of this section one may take ĝ to be C2 (so that its Riemann tensor is well-defined).

Note that ĝ is not unique; given any allowed Ω one is always free to choose

Ω′ = eσΩ, (2.12)

for arbitrary smooth σ on M . Thus, as before, the notion of a particular boundary

metric on ∂M is well-defined only after one has chosen some conformal frame.

However, the bulk metric g does induce a unique conformal structure on ∂M . The

22



Conserved Charges in Asymptotically (Locally) AdS Spacetimes Chapter 2

function Ω is termed the defining functionconformal frame of the conformal frame.

The above structure is essentially that of Penrose’s conformal compactifications

[46], except that the Lorentz signature of ∂M forbids M from being fully compact.

In particular, future and past infinity are not part of ∂M .

In vacuum Einstein-Hilbert gravity with cosmological constant (2.6), we define

an asymptotically locally AdS spacetime to be a spacetime (g,M) as above that

solves the Einstein equations (2.6). A key feature of this definition is that it

makes no restriction on the conformal structure, or even the topology of the

boundary, save that it be compatible with having a Lorentz signature metric. For

an asymptotically locally AdS spacetime to be what we will call asymptotically

AdS, the induced boundary metric must be conformal to R × Sd−1. The reader

should be aware that in the literature, the term “asymptotically AdS” (AAdS) is

sometimes used synonymously with “asymptotically locally AdS” (AlAdS). Here

we emphasize the distinction between the two for pedagogical purposes, as only

AAdS spacetimes can truly be said to approach global AdS near ∂M .

To show that AlAdS spacetimes do in fact approach (2.5) requires the use of

the Einstein equations. By writing gµν = Ω−2ĝµν , a straightforward calculation

then shows [44] that near ∂M we have

Rµνσλ = − |dΩ|2ĝ (gµσgνλ − gνσgµλ) +O
(
Ω−3

)
, (2.13)

where

|dΩ|2ĝ ≡ ĝµν∂µΩ ∂νΩ (2.14)

extends smoothly to ∂M . Note that since g has a second-order pole at ∂M , the
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leading-order term in (2.13) is of order Ω−4. The Einstein field equations then

imply that

|dΩ|2ĝ =
1

`2
on ∂M. (2.15)

It follows that Riemann tensor (2.13) of an AlAdS spacetime near ∂M looks like

that of pure AdS (2.5). Further details of the asymptotic structure (and of the

approach to (2.3) for the AAdS case) are elucidated by the Fefferman-Graham

expansion near ∂M to which we now turn.

2.2.4 The Fefferman-Graham Expansion

The term asymptotically (locally) AdS suggests that the spacetime metric g

should (locally) approach (2.3), at least with a suitable choice of coordinates. This

is far from manifest in the definitions above. But it turns out to be a consequence

of the Einstein equations. In fact, these equations imply that the asymptotic

structure is described by a so-called Fefferman-Graham expansion [47].

The basic idea of this expansion is to first choose a convenient set of coordi-

nates and then to attempt a power-series solution to the Einstein equations. Since

the Einstein equations are second order, this leads to a second-order recursion re-

lation for the coefficients of the power series. For, say, simple ordinary differential

equations, one would expect the free data in the power series to be parametrized

by two of the coefficients. The structure that emerges from the Einstein equa-

tions is similar, except for the presence of constraint equations. As we briefly

describe below, the constraint equations lead to corresponding constraints on the

two otherwise free coefficients. We continue to consider the vacuum case (2.6).
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Let us begin by introducing the so-called Fefferman-Graham coordinates on

some finite neighborhood U of ∂M . To do so, note that since the defining func-

tion Ω is not unique it is possible to choose a σ in (2.12) such that the modified

defining function z := Ω′ obeys

|dz|2ĝ =
1

`2
(2.16)

on U , where ĝ = z2g. In fact, we can do so with σ|∂M = 1 so that we need

not change the conformal frame. We can then take the defining function z to

be a coordinate near the boundary; the notation z is standard for this so-called

“Fefferman-Graham radial coordinate.” We choose the other coordinates xi to be

orthogonal to z in U (according to the metric ĝ). The metric in these so-called

Fefferman-Graham coordinates will then take the form

ds2 =
`2

z2

(
dz2 + γij(x, z) dx

i dxj
)
, (2.17)

where i = 0, . . . , d. By construction, γij can be extended to ∂M , so it should

admit an expansion (at least to some order) in non-negative powers of z:

γij(x, z) = γ
(0)
ij (x) + zγ

(1)
ij (x) + · · · . (2.18)

Note that γ
(0)
ij defines the metric γ(0) on ∂M in this conformal frame.

Since the Einstein equations are second order partial differential equations,

plugging in the ansatz (2.18) leads to a second order recursion relation for the

γ(n). For odd d this recursion relation admits solutions for all γ(n). After specifying
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γ(0), one finds that all γ(n) with n < d are uniquely determined (and, in fact γ(n)

vanishes for all odd n < d). For example, for d > 2 one finds [45]1

γ
(2)
ij = − 1

d− 2

(
Rij −

1

2(d− 1)
Rγ(0)

ij

)
, (2.19)

where R,Rij are respectively the Ricci tensor and Ricci scalar of γ(0).

However, new data enters in γ(d). This new data is subject to constraints anal-

ogous to those that arise in the Hamiltonian formalism. Indeed, these constraints

may be derived by considering the analogues of the Hamiltonian and momen-

tum constraints on surfaces with z = constant. They determine the trace and

divergence of γ(d) (again for d odd) through

(
γ(0)
)ij
γ

(d)
ij = 0,

(
γ(0)
)ki

Dkγ
(d)
ij = 0, (2.20)

where Dk is the γ(0)-compatible derivative operator on ∂M (where we think of all

γ(n) as being defined). We will give a short argument for (2.20) in section 2.3.4.

Once we have chosen any γ(d) satisfying (2.20), the recursion relation can then

be solved order-by-order to express all higher γ(n) in terms of γ(0) and γ(d). Of

course, the series (2.17) describes only the asymptotic form of the metric. There

is no guarantee that there is in fact a smooth solution in the interior matching

this asymptotic data, or that such a smooth interior solution is unique when it

exists.

The situation is slightly more complicated for even d, where the recursion

1We caution the reader to be wary of the differing sign conventions in the literature. For
example, the sign conventions for Riemann and extrinsic curvatures used in [45] are opposite
from the ones used here.
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relations for the ansatz (2.18) break down at the order at which γ(d) would appear.

To proceed, one must allow logarithmic terms to arise at this order and use the

more general ansatz

γij(x, z) = γ
(0)
ij + z2γ

(2)
ij + · · ·+ zdγ

(d)
ij + zdγ̄

(d)
ij log z2 + · · · , (2.21)

where, since the structure is identical for all d up to order n = d, we have made

manifest that γ(n) = 0 for all odd n < d. The higher order terms represented by

· · · include both higher even powers of z and such terms multiplied by log z. One

finds that γ̄(d) is fully determined by γ(0) and satisfies

(
γ(0)
)ij
γ̄

(d)
ij = 0,

(
γ(0)
)ki

Dkγ̄
(d)
ij = 0. (2.22)

For example, for d = 2, 4, one obtains [45]

γ̄
(2)
ij = 0, (2.23)

γ̄
(4)
ij =

1

8
RikjlRkl− 1

48
DiDjR+

1

16
D2Rij −

1

24
RRij

+

(
− 1

96
D2R+

1

96
R2 − 1

32
RklRkl

)
γ

(0)
ij , (2.24)

where Rijkl is the Riemann tensor of γ(0), and indices are raised and lowered

with γ(0). But γ(d) may again be chosen freely subject to dimension-dependent
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conditions that fix its divergence and trace. As examples, one finds [45]

d = 2 :
(
γ(0)
)ij
γ

(d)
ij = −1

2
R, Diγ

(d)
ij = −1

2
DjR, (2.25)

d = 4 :
(
γ(0)
)ij
γ

(d)
ij =

1

16

(
RijRij − 2

9
R2

)
, (2.26)

Diγ
(d)
ij =

1

8
Ri

kDiRkj −
1

32
Dj

(
RikRik

)
+

1

288
RDjR. (2.27)

The higher terms in the series are again uniquely determined by γ(0), γ(d).

In general, the terms γ(n) become more and more complicated at each order.

But the expansion simplifies when γ
(0)
ij is conformally flat and γ

(d)
ij = 0. In this

case one finds [48] that the recursion relation can be solved exactly and terminates

at order z4. In particular, the bulk metric so obtained is also conformally flat,

and is thus locally AdSd+1. For d = 2, the Fefferman-Graham expansion can be

integrated exactly for any γ(0), γ(d), and always terminates at order z4 to define a

metric that is locally AdS3.

2.2.5 Diffeomorphisms and symmetries in AlAdS

The reader of this Handbook is by now well aware of the important roles played

by diffeomorphisms in understanding gravitational physics. Let us therefore pause

briefly to understand how such transformations affect the structures defined thus

far. We are interested in diffeomorphisms of our manifold M with boundary ∂M .

By definition, any such diffeomorphism must map ∂M to itself; i.e., it also induces

a diffeomorphism of ∂M . As usual in physics, we consider diffeomorphisms (of M)

generated by vector fields ξ; the corresponding diffeomorphism of ∂M is generated

by some ξ̂, which is just the restriction of ξ to ∂M (where by the above it must
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be tangent to ∂M).

Of course, the metric g transforms as a tensor under this diffeomorphism. But

if we think of the diffeomorphism as acting only on dynamical variables of the

theory then the defining function z = Ω does not transform at all, and in particular

does not transform like a scalar field. This means that the rescaled metric ĝ =

z2g does not transform like a tensor, and neither does the boundary metric γ(0).

Instead, the diffeomorphism induces an additional conformal transformation on

∂M ; i.e., a change of conformal frame.

We can make this explicit by considering diffeomorphismsasymptotically lo-

cally AdS that preserve the Fefferman-Graham gauge conditions; i.e., which satisfy

δgzz = 0 = δgiz (2.28)

for

δgµν = £ξgµν = ∇µξν +∇νξµ, (2.29)

where we use £ξ to denote Lie derivatives along ξ and ∇µ is the covariant deriva-

tive compatible with the metric g on M . Let us decompose the components δgµν

into

£ξgzz =
2`

z
∂z

(
`

z
ξz
)
, (2.30)

£ξgiz =
`2

z2

(
∂iξ

z + γij∂zξ
j
)
, (2.31)

£ξgij =
`2

z2

(
£ξ̂γij + z2 ∂z

(
z−2γij

)
ξz
)
, (2.32)

where £ξ̂ is the Lie derivative with respect to ξ̂ on ∂M . These conditions can be
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integrated using (2.28) to obtain

ξz = zξ̂z(x), (2.33)

ξi = ξ̂i(x)− ∂j ξ̂z
∫ z

0

z′γji(z′) dz′, (2.34)

where ξ̂z and ξ̂i are an arbitrary function and vector field on ∂M (which we

may transport to any z = constant surface by using the given coordinates to

temporarily identify that surface with ∂M). In particular, for ξ̂i = 0 we find

gij + δgij =
`2

z2

(
1− 2ξ̂z

)
γ

(0)
ij +O(z0). (2.35)

Thus the boundary metric transforms as γ(0) → e−2ξ̂zγ
(0)
ij . Such transformations

are called conformal transformations by relativists and Weyl transformations by

particle physicists; we will use the former, but the reader will find both terms in

various treatments of AlAdS spacetimes. This is precisely the change of conformal

frame mentioned above.

Let us now turn to the notion of symmetry. We might be interested either in

an exact symmetry of some metric g, generated by a Killing vector field (KVF)

satisfying ∇(νξµ) = 0, or in some notion of asymptotic symmetry. We will save

the precise definition of an asymptotic symmetry for section 2.3.3 as, strictly

speaking, this first requires the construction an appropriate variational principle

and a corresponding choice of boundary conditions. However, we will discuss the

closely related (but entirely geometric) notion of an asymptotic Killing field below.

Suppose first that ξ is indeed a KVF of g so that £ξg = 0. It is clear that

there are two cases to consider. Either £ξΩ = 0 (in which case we say that ξ is

30



Conserved Charges in Asymptotically (Locally) AdS Spacetimes Chapter 2

compatible with Ω) or £ξΩ 6= 0 (in which case we say that ξ is not compatible with

Ω). In the former case we clearly have £ξĝ = £ξ(Ω
2g) = 0 so that ξ is also a Killing

field of ĝ. But more generally we have seen that the corresponding diffeomorphism

changes ĝ by a conformal factor. The generators of such diffeomorphisms are called

conformal Killing fields of ĝ (see e.g. Appendix C.3 of [39]) and satisfy

£ξĝµν = (£ξ ln Ω2)ĝµνRightarrow2∇̂(µξν) =
2

d+ 1

(
∇̂σξ

σ
)
ĝµν , (2.36)

where ∇̂ is the covariant derivative compatible with ĝ, and indices on ξµ are

lowered with ĝµν . Note that the induced vector field ξ̂ on ∂M is again a conformal

Killing field of γ(0).

This suggests that we define an asymptotic Killing field to be any vector

field ξ that satisfies (2.36) to leading order in Ω at ∂M . If we ask that ξ also

preserve Fefferman-Graham gauge we may then expand (2.33) and (2.34) and

insert into (2.36) to obtain

ξz = zξ̂z(x), (2.37)

ξi = ξ̂i(x)− 1

2
z2
(
γ(0)
)ij
∂j ξ̂

z +O(z4), (2.38)

£ξ̂γ
(0)
ij −

2

d+ 1

(
Dkξ̂

k + ξ̂z
)
γ

(0)
ij = 0. (2.39)

Taking the trace of the condition (2.39) shows that ξ̂z = 1
d
Diξ̂

i, so (2.39) is the

conformal Killing equation for ξ̂ with respect to γ(0). In other words, conformal

Killing fields ξ̂ of γ(0) are in one-to-one correspondence with asymptotic Killing

fields of g which preserve Fefferman-Graham gauge, where the equivalence relation
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is given by agreement to the order shown in (2.38).

2.2.6 Gravity with Matter

Our treatment above has focused on vacuum gravity. It is useful to generalize

the discussion to include matter fields, both to see how this influences the above

result and also to better elucidate the general structure of asymptotically AdS field

theory. Indeed, readers new to dynamics in AdS space will gain further insight

from section 2.2.4 if they re-read it after studying the treatment of the free scalar

field below. We use a single scalar as an illustrative example of matter fields; see

[36, 37] for more general discussions.

For simplicity, we first consider a massive scalar field in a fixed AlAdSd+1

gravitational background, which we take to be in Fefferman-Graham form (2.17).

This set-up is often called the probe approximation as it neglects the back-reaction

of the matter on the spacetime. The action is as usual

SBulkφ = −1

2

∫
dd+1x

√
|g|
(
gµν∂µφ∂νφ+m2φ2

)
. (2.40)

We study the behavior of solutions near the boundary z = 0 by seeking solutions

which behave at leading order like z∆ for some power ∆. The equation of motion

(
−� +m2

)
φ = 0 (2.41)

then requires (m`)2 = ∆(∆−d), yielding two independent small-z behaviors z∆± .

Here we have defined ∆± = d/2 ± ν, with ν ≡
√

(d/2)2 + (m`)2. A priori,

it seems that we should consider only ν ≥ νmin for some νmin > 0, since one
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might expect (m`)2 ≥ 0. However, it can be shown [49] that scalar fields with

small tachyonic masses in AdSd+1 are stable as long as the mass satisfies the so-

called Breitenlohner-Freedman (BF) bound (m`)2 ≥ −d2/4 =: m2
BF ; we therefore

consider ν ≥ 0. The essential points here are: i) It is only for |(m`)2| � 1 that

the flat-space approximation must hold, so for small |(m`)2| the behavior can

differ significantly from that of flat space; ii) as noted above, the fact that AdS

is not globally hyperbolic means that we must impose boundary conditions at

∂M . These boundary conditions generally require φ to vanish on ∂M . So even

for m2 = 0 we would exclude the ‘zero mode’ φ = constant. For a given boundary

condition, the spectrum of modes turns out to be discrete. As a result, we may

lower m2 a finite amount below zero before a true instability develops.

The asymptotic analysis above suggests that we seek a solution of the form

φ(x, z) = z∆−
(
φ(0) + z2φ(2) + · · ·

)
+ z∆+

(
φ(2ν) + z2φ(2ν+2) + · · ·

)
. (2.42)

For non-integer ν the equation of motion can be solved order-by-order in z to

uniquely express all coefficients in terms of φ(0) and φ(2ν). But for integer ν the

difference ∆+−∆− is an even integer and the two sets of terms in (2.42) overlap.

This notational issue is connected to a physical one: keeping only even-integer

powers of z (times z∆−) does not allow enough freedom to solve the resulting

recursion relation; there is no solution at order d− 2∆−. To continue further we

must introduce a logarithmic term and write:

φ(x, z) = z∆−
(
φ(0) + z2φ(2) + · · ·

)
+ z∆+ log z2

(
ψ(2ν) + z2ψ(2ν+2) + · · ·

)
. (2.43)
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The recursion relations then uniquely express all coefficients in terms of the free

coefficients φ(0) and φ(2ν). As an example, we note for later purposes that (for any

value of ν)

φ(2) =
1

4(ν − 1)
�(0)φ(0), (2.44)

where �(0) is the scalar wave operator defined by γ(0) on ∂M . Dimensional analysis

shows that the higher coefficients φ(n) for integer n < 2∆+−d involve n derivatives

of φ(0).

We now couple our scalar to dynamical gravity using

S = Sgrav + SBulk
φ , (2.45)

where Sgrav is the action for gravity. We will postpone a discussion of boundary

terms to section 2.3; for now, we simply focus on solving the resulting equations

of motion

Rµν −
1

2
Rgµν + Λgµν = 8πGT (matter)

µν . (2.46)

As in the vacuum case we write the metric in the form (2.17), and as in the solution

for nondynamical gravity we write the scalar field as in (2.43). Note that we keep

the logarithmic term in (2.21) for all d as, depending on the matter content, it

may be necessary even for odd d. (When it is not needed, the equations of motion

force its coefficient γ̄d to vanish.) The stress tensor of the scalar field then behaves

like

T (matter)
µν dxµdxν = ∆−z

2(∆−−1)

[
d

2

(
φ(0)
)2
dz2 + zφ(0)∂iφ

(0) dz dxi + ν
(
φ(0)
)2
γ

(0)
ij dx

i dxj + · · ·
]
.

(2.47)

34



Conserved Charges in Asymptotically (Locally) AdS Spacetimes Chapter 2

For ∆− < 0 and φ(0) 6= 0, the matter stress tensor turns out to diverge too rapidly

at z = 0 for the equations of motion to admit an AlAdS solution. So for ∆− < 0

the only scalar field boundary condition consistent with the desired physics is

φ(0) = 0. But for ∆− ≥ 0 the equations of motion do admit AlAdS solutions with

φ(0) 6= 0 and further input is required to determine the boundary conditions. We

will return to this issue in section 2.3.2.

Evidently, the equations of motion admit solutions of the forms (2.17) and (2.43)

only if the components of the matter stress tensor in Fefferman-Graham coordi-

nates diverge as 1/z2 or slower. This result allows us to generalize our definition

of asymptotically locally AdS spacetimes to include matter: an AlAdS spacetime

with matterasymptotically locally AdS is a manifold M as above with fields satis-

fying the equations of motion and the requirement that Ω2Tµν admits a continuous

limit to ∂M .

2.3 Variational principles and charges

Noether’s theorem teaches us that variational principles provide a powerful

link between symmetries and conservation laws, allowing the latter to be derived

without detailed knowledge of the equations of motion. This procedure works as

well for gravitational theories as for systems defined on a fixed spacetime back-

ground, though there is one additional subtlety. In more familiar theories, it is

often sufficient to consider only variations of compact support so that all boundary

terms arising from variations of an action can be discarded. In the asymptotically

flat context, when the gravitational constraints (which are just certain equations
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of motion!) are satisfied the gravitational charges become pure boundary terms

with no contributions from the bulk. Discarding all boundary terms in Noether’s

theorem would thus lead to trivial charges and we will instead need to treat

boundary terms with care. It is in part for this reason that we refer to variational

principles as opposed to mere actions, the distinction being that all variations of

the former vanish when the equations of motion and boundary conditions hold,

even including any boundary terms that may arise in computing the variations.

Constructing a good variational principle generally requires that we add boundary

terms to the familiar bulk action, and that we tailor the choice of such boundary

terms to the boundary conditions we wish to impose on ∂M .

2.3.1 A toy model of AdS: Gravity in a box

We have seen that AlAdS spacetimes are conformally equivalent to manifolds

with timelike boundaries. This means that (with appropriate boundary condi-

tions) light signals can bounce off of ∂M and return to the interior in finite time,

boundary conditions are needed for time evolution, and indeed much of physics

in AlAdS spacetimes is indeed like field theory in a finite-sized box. This analogy

also turns out to hold for the study of conservation laws in theories with dynamical

gravity. It will therefore prove useful to first study conservation laws for gravity

on a manifold M with a finite-distance timelike boundary ∂M , which will serve

as a toy model for AlAdS gravitational dynamics. This subject, which we call

“gravity in a box”,Variational Principle was historically studied for its own sake

by Brown and York [50]. We largely follow their approach below. For simplicity

we will assume that ∂M is globally hyperbolic with compact Cauchy surfaces as
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∂M C

B−
ε = B(sε)

J = εA

2

Figure 2.3: A sketch of the spacetime M. The codimension two surface C is a
Cauchy surface of the boundary ∂M .

shown in figure 2.3, though the more general case can typically be treated by

imposing appropriate boundary conditions in the asymptotic regions of ∂M .

Out first task is to construct a good variational principle. But as noted

above this will generally require us to add boundary-condition-dependent bound-

ary terms to the bulk action. It is thus useful to have some particular boundary

condition (or, at least, a class of such conditions) in mind before we begin. In

scalar field theory, familiar classes of boundary conditions include the Dirichlet

condition (φ|∂M fixed, so δφ|∂M = 0), the Neumann condition (which fixes the

normal derivative), or the more general class of Robin conditions (which fix a lin-

ear combination of the two). All of these have analogues for our gravity in a box

system, but for simplicity we will begin with a Dirichlet-type condition. When

discussing the initial value problem, the natural initial data on a Cauchy surface

consists of the induced metric and the extrinsic curvature (or, equivalently, the

conjugate momentum). Since the equations of motion are covariant, the analysis

of possible boundary conditions on timelike boundaries turns out to be very simi-

lar so that the natural Dirichlet-type condition is to fix the induced metric hij on
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∂M .

An important piece of our variational principle will of course be the Einstein-

Hilbert action SEH = 1
2κ

∫ √−g R (with κ = 8πG). But SEH is not sufficient by

itself as a standard calculation gives

δSEH = δ

(
1

2κ

∫
M

√−gR
)

=
1

2κ

∫
M

√−g
(
Rµν −

1

2
Rgµν

)
δgµν +

1

2κ

∫
∂M

√
|h|r̂λGµνρλ∇ρδgµν ,(2.48)

where r̂λ is the outward pointing unit normal to ∂M and

Gµνρλ = gµ(ρgλ)ν − gµνgρλ. (2.49)

In (2.48) we have discarded boundary terms not associated with ∂M (i.e., bound-

ary terms in any asymptotic regions of M) as they will play no role in our anal-

ysis. Nevertheless, the second term in (2.48) (the boundary term) generally fails

to vanish for useful boundary conditions, so that SEH is not fully stationary on

solutions.

However, when δhij = 0 this problem term turns out to be an exact variation

of another boundary term, known as the Gibbons-Hawking term, given by the

integral of the trace of the extrinsic curvature of ∂M . (For related reasons the

addition of this term is necessary when constructing a gravitational path integral,

see [51]). As a result, enforcing the boundary condition δhij = 0 guarantees that
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all variations of the action

SDirichlet in a box = SEH + SGH =
1

2κ

∫
M

√−gR− 1

κ

∫
∂M

√
|h|K (2.50)

vanish precisely when the bulk equations of motion hold. Here, K = hijK
ij is

the trace of the extrinsic curvature on ∂M , with Kij = −(£nhij)/2, where n is

the outward-pointing unit normal to ∂M . Thus (2.50) gives a good variational

principle for our Dirichlet problem.

Now, Noether’s theorem teaches us that every continuous symmetry of our

system should lead to a conservation law (though the conservation laws associ-

ated with pure gauge transformations are trivial). Gravity in a box is defined

by the action (2.50) and by the choice of some Lorentz-signature metric hij on

∂M . The first ingredient, the action (2.50), is manifestly invariant under any

diffeomorphisms of M . Such diffeomorphisms are generated by vector fields ξ on

M that are tangent to ∂M at the boundary (so that the diffeomorphism maps

∂M to itself). As before, we use ξ̂ to denote the induced vector field on ∂M .

The associated diffeomorphism of M will preserve hij if ξ̂ is a Killing field on the

boundary. A diffeomorphism supported away from the boundary should be pure

gauge. So it is natural to expect that the asymptotic symmetries of our system

are classified by the choice of boundary Killing field ξ̂, with the particular choice

of a bulk extension ξ being pure gauge.

This set up should remind the reader of (non-gravitational) field theories on

fixed spacetime backgrounds. There one finds conservation laws associated with

each Killing field of the background metric. Here again the conservation laws are
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associated with Killing fields of the background structure, though now the only

such structure is the boundary metric hij.

Pursuing this analogy, let us recall the situation for field theory on a fixed (non-

dynamical) spacetime background. There, Noether’s theorem for global symme-

tries (e.g., translations along some Killing field ξKV F ) would instruct us to vary the

action under a space-time generalization of the symmetry (e.g., diffeomorphism

along f(x)ξKV F for general smooth functions f(x), or more generally under arbi-

trary diffeomorphisms). It is clear that the analogue for gravity in a box is just

to vary (2.50) under a general diffeomorphism of M .

It turns out to be useful to do so in two steps. Let us first compute an arbitrary

variation of (2.50). By construction, it must reduce to a boundary term when the

equations of motion hold, and it must vanish when δhij = 0. Thus it must be

linear in δhij. A direct calculation (see appendix E of [39]) gives

δSDirichlet in a box =
1

2

∫
∂M

√
|h|τ ijδhij, (2.51)

where τ ij = κ−1(Kij − Khij). This τ ij is sometimes referred to as the radial

conjugate momentum since it has the same form as the (undensitized) conjugate

momentum introduced on spacelike surfaces in the Hamiltonian formalism. This

agreement of course follows from general principles of Hamilton-Jacobi theory.

The reader should recall that for field theory in a fixed spacetime background

the functional derivative of the action with respect to the metric defines the field

theory stress tensor. By analogy, the object τ ij defined above is often called the

boundary stress tensorstress tensor (or the Brown-York stress tensorstress tensor)
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of the gravitational theory.

Let us now specialize to the case where our variation is a diffeomorphism

of M . As we have seen, ξ also induces a diffeomorphism of the boundary ∂M

generated by some ξ̂. Then δhij = Diξ̂j+Dj ξ̂i, where Di is the covariant derivative

compatible with hij. Using the symmetry of τ ij = τ ji we find

δSDirichlet in a box =

∫
∂M

√
|h|τ ijDiξ̂j = −

∫
∂M

√
|h|ξ̂jDiτ

ij, (2.52)

where in the last step we integrate by parts and take ξ̂ to have compact support on

∂M so that we may discard any boundary terms. Since ξ̂ is otherwise arbitrary,

we conclude that

Diτ
ij = 0; (2.53)

i.e., τ ij is covariantly conserved on ∂M when the equations of motion hold in the

bulk. In fact, since τ ij is the radial conjugate momentum, it should be clear that

(2.53) can also be derived directly from the equations of motion by evaluating

the radial-version of the diffeomorphism constraint on ∂M . (The radial version of

the Hamiltonian constraint imposes another condition on τ ij that can be used to

determine the trace τ = τ ijhij in terms of the traceless part of τ ij.)

If we now take ξ̂ to be a boundary Killing field, we find Di(τ
ij ξ̂j) = 0, so that

the so-called Brown-York charge

QBY [ξ] := −
∫
C

√
q niτ

ij ξ̂j (2.54)

is independent of the choice of Cauchy surface C in ∂M . Here ni is a unit future-

pointing normal to C and
√
q is the volume element induced on C by hij. Although
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these charges were defined by methods quite different from the usual Hamiltonian

techniques, we will argue in section 2.4 below that the end result is identical up

to a possible choice of zero-point. Once again, the argument will turn out to be

essentially the same as one would give for field theory in a fixed non-dynamical

background.

Before proceeding to the AdS case, let us take a moment to consider other

possible boundary conditions. We see from (2.51) that the action (2.50) also

defines a valid variational principle for the boundary condition τ ij = 0. Of course,

with this choice the charges (2.54) all vanish. But this should be no surprise.

Since the condition τ ij = 0 is invariant under all diffeomorphisms of M , there is

no preferred subset of non-trivial asymptotic symmetries; all diffeomorphisms turn

out to generate pure gauge transformations. One may also study more complicated

boundary conditions by adding additional boundary terms to the action (2.50),

though we will not pursue the details here.

2.3.2 Variational principles for scalar fields in AdS

As the reader might guess, our discussion of AlAdS gravity will follow in direct

analogy to the above treatment of gravity in a box. Indeed, the only real difference

is that we must work a bit harder to construct a good variational principle. We

will first illustrate the relevant techniques below by constructing a variational

principle for a scalar field on a fixed AdS backgroundVariational Principle, after

which we will apply essentially identical techniques to AdS gravity itself in section

2.3.3.

We will construct our variational principle using the so-called counterterm
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subtraction approach pioneered in [52, 53] and further developed in [45, 44]. Our

discussion below largely follows [44], with minor additions from [38]. We begin

with the bulk action SBulk
φ of (2.40) and compute

δSBulk
φ = −

∫
∂M

√
|h|r̂µ∂µφδφ, (2.55)

where r̂µ is the outward-pointing unit normal to ∂M so that r̂µ∂µ = − z
`
∂z. The

form of (2.55) might appear to suggest that SBulk
φ defines a good variational princi-

ple for any boundary condition that fixes φ on ∂M . But the appearance of inverse

powers of z means that we must be more careful, and that SBulk
φ will suffice only

when δφ vanishes sufficiently rapidly.

It is therefore useful to write (2.55) in terms of the finite coefficients φ(2n), φ(2(ν+n))

of (2.42) (or the corresponding coefficients in (2.43)). The exact expression is not

particularly enlightening, and for large ν there are many singular terms to keep

track of. What is useful to note however is that all of the singular terms turn out

to be exact variations. In particular, using (2.44) one may show for non-integer

ν < 2 that the action

Sφ = SBulk
φ +

∫
∂M

√
|h|
(
−∆−

2`
φ2 +

`

4(ν − 1)
hij∂iφ∂jφ

)
(2.56)

satisfies

δSφ = 2ν`d−1

∫
∂M

√
|γ(0)|φ(2ν)δφ(0). (2.57)

Since the boundary terms in (2.56) are each divergent in and of themselves, they

are known as counterterms in analogy with the counterterms used to cancel ul-

traviolet divergences in quantum field theory. These divergences cancel against
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divergences in SBulk
φ and the full action Sφ is finite for any field of the form (2.42)

with non-integer ν < 2. Similar results hold for non-integer ν > 2 if additional

higher-derivative boundary terms are included in (2.56). We will comment on

differences for integer ν at the end of this section.

It is clear that Sφ provides a good variational principle so long as the boundary

conditions either fix φ(0) or set φ(2ν) = 0. We may now identify

Φbndy := 2ν`d−1φ(2ν) (2.58)

as an AdS scalar response function analogous to the boundary stress tensor τ ij in-

troduced in section 2.3.1. Note that adding an extra boundary term
∫ √

γ(0)W [φ(0)]

to Sφ allows one to instead use the Robin-like boundary condition

φ(2ν) = − `

2ν
W ′[φ(0], (2.59)

where W ′ denotes the derivative of W with respect to its argument.

Recall from section 2.2.6 that requiring the energy to be bounded below re-

stricts ν to be real (in which case we take ν non-negative). That there are further

implications for large ν can also be seen from (2.56). Note that the final term

in (2.56) is a kinetic term on ∂M and that for ν > 1 it has a sign opposite to

that of the bulk kinetic term. Counting powers of z shows that this boundary

kinetic term vanishes at ∂M for ν < 1, but contributes for ν > 1. In this case,

for any perturbation that excites φ(0) and which is supported sufficiently close to

∂M , the boundary kinetic term in (2.56) turns out to be more important than the

bulk kinetic term. Thus the perturbation has negative kinetic energy. One says
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that the theory contains ghosts, and any conserved energy is expected to be un-

bounded below [38]. For this reason, for ν > 1 one typically allows only boundary

conditions that fix φ(0). Of course, as noted in section 2.3.2, for ν > d/2 coupling

the theory to dynamical gravity and requiring the spacetime to be AlAdS will

further require φ(0) = 0. On the other hand, for real 0 < ν < 1 all of the above

boundary conditions lead to ghost-free scalar theories.

The story of non-integer ν > 2 is much the same as that of ν ∈ (1, 2). Adding

additional higher-derivative boundary terms to (2.56) again leads to an action

that satisfies (2.57). While one can find actions compatible with general boundary

conditions (2.59), the only ghost-free theories fix φ(0) on ∂M . The story of integer

ν is more subtle; the factors of ln z arising in that case from (2.43) mean that

we can find a good variational principle only by including boundary terms that

depend explicitly on the defining function Ω of the chosen conformal frame. Doing

so again leads to ghosts unless φ(0) is fixed as a boundary condition [38].

2.3.3 A variational principle for AlAdS gravity

We are now ready to construct our variational principle for AlAdS gravityVari-

ational Principle. As for the scalar field above, we will start with a familiar bulk

action and then add boundary terms. One may note that in the scalar case our

final action (2.56) consists essentially of adding boundary terms to SBulk
φ which i)

are written as integrals of local scalars built from φ and its tangential derivatives

along ∂M and ii) precisely cancel divergent terms in SBulk
φ . This motivates us

to follow the strategy of [45] for the gravitational case in which we first identify

divergent terms in a familiar action and write these terms as local scalars on ∂M .
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We may then construct a finite so-called renormalized action by adding boundary

counterterms on ∂M to cancel the above divergences. At the end of this process

we may check that this renormalized action yields a good variational principle for

interesting boundary conditions. In analogy with section (2.3.1), for simplicity in

the remainder of this chapter we take the induced (conformal) metric on ∂M to

be globally hyperbolic with compact Cauchy surfaces.

Let us begin with an action containing the standard Einstein-Hilbert and cos-

mological constant terms in the bulk, along with the Gibbons-Hawking term. It

will facilitate our discussion of divergent terms to consider a regulated action in

which the boundary has effectively been moved in to z = ε. For the moment,

we choose some ε0 > ε and impose the Fefferman-Graham gauge (2.17) for all

z < ε0, so that this gauge holds in particular at the regulated boundary. This

gauge fixing at finite z is merely an intermediate step to simplify the analysis. We

will be able to loosen this condition once we have constructed the final action.

We let hij = (`/z)2γij|z=ε be the induced metric on this regulated boundary and

study the action

Sreg =
1

2κ

∫
z≥ε

√
|g|(R−2Λ)− 1

κ

∫
z=ε

√
|h|K (2.60)

= −`
d−1

2κ

∫
z=ε

√
|γ(0)|

(
ε−da(0) + ε−d+2a(2) + · · ·+ ε−2a(d−2) − log(ε2)a(d)

)
+ (finite),

where K = hijK
ij is the trace of the extrinsic curvature of the regulated boundary

∂Mε at z = ε and the form of the divergences follows from (2.21). The coefficient

a(d) vanishes for odd d. For even d it is called the conformal anomaly for reasons

to be explained below.
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In analogy with the scalar field results of section 2.3.2, one finds that the

coefficients a(n) which characterize the divergent terms are all local scalars built

from γ
(0)
ij and its derivatives along ∂M . This follows directly from the fact that

all terms γ(n) with n ≤ d in the Fefferman-Graham expansion (2.21) are local

functions of γ
(0)
ij and its derivatives along ∂M . Dimensional analysis shows that

a(n) involves precisely 2n derivatives and the detailed coefficients a(n) can be found

to any desired order by direct calculation. For example, for n 6= d the a(n) are

given by (see e.g. [45])

a(0) = −2(d− 1), a(2) =
(d− 4)

2(d− 2)
R,

a(4) = −d
2 − 9d+ 16

4(d− 4)

(
dR2

4(d− 2)2(d− 1)
− R

ijRij

(d− 2)2

)
, . . . , (2.61)

where as in section 2.2.4, R and Rij are the Ricci scalar and Ricci tensor of γ(0)

on ∂M . For d = 2, 4, the log terms are given by

d = 2 : a(2) = −R
2
,

d = 4 : a(4) =

(R2

24
− R

ijRij

8

)
. (2.62)

As foreshadowed above, we now define the renormalized action

Sren = lim
ε→0

(Sreg + Sct) , (2.63)
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where

Sct :=
`d−1

2κ

∫
z=ε

√
−γ(0)

(
ε−da(0) + ε−d+2a(2) + · · ·+ ε−2a(d−2) − log(ε2)a(d)

)
(2.64)

is constructed to precisely cancel the divergent terms in Sren. The representation

(2.64) makes the degree of divergence in each term manifest. But the use of ε

in defining Sct suggests a stronger dependence on the choice of defining function

Ω (and thus, on the choice of conformal frame) than is actually the case. To

understand the true dependence, we should use the Fefferman-Graham expansion

to instead express Sct directly in terms of the (divergent) metric h induced on ∂M

by the unrescaled bulk metric g as was done in [53]. Dimensional analysis and

the fact that each a(n) involves precisely 2n derivatives shows that this removes

all explicit dependence on ε save for the logarithmic term in even d. In particular,

formally taking ε to zero we may write

Sct =
`

2κ

∫
∂M

√
|h|
[
−2(d− 1)

`2
− Rh

(d− 2)
+ · · · − εd log(ε2)a(d)

`2

]
, (2.65)

where theRh (Ricci scalar of h) term only appears for d ≥ 3 and the dots represent

additional terms that appear only for d ≥ 5.

In general, the coefficients in (2.65) differ from those in (2.60) due to sub-

leading divergences in a given term in (2.65) contributing to the coefficients of

seemingly lower-order terms in (2.60). But the logarithmic term has precisely the

same coefficient a(d) in both (2.65) and (2.60). Since the logarithmic term in (2.21)

is multiplied by zd, only the leading −2(d−1)
`2

√
|h| term in (2.65) could contribute
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to any discrepancy. But the first variation of a determinant is a trace, and the

trace of the logarithmic coefficient γ̄
(d)
ij vanishes by (2.22).

Thus for d odd (where the log term vanishes) the renormalized action Sren can

be expressed in a fully covariant form in terms of the physical metric g; all depen-

dence on the defining function Ω (and so on the choice of conformal frame) has

disappeared. We therefore now drop the requirement that any Fefferman-Graham

gauge be imposed for odd d. But for even d, the appearance of log(ε2) in (2.65)

indicates that Sren does in fact depend on the choice of defining function Ω (and

thus on the choice of conformal frame). In analogy with quantum field theory, this

dependence is known as the conformal anomaly. By replacing ε with Ω in (2.65),

we could again completely drop the requirement of Fefferman-Graham gauge in

favor of making explicit the above dependence on Ω. However, an equivalent pro-

cedure is to require that the expansion (2.21) hold up through order γ(d) and to

replace ε in (2.65) by the Fefferman-Graham coordinate z. We will follow this

latter approach (which is equivalent to imposing Fefferman-Graham gauge only

on the stated terms in the asymptotic expansion) as it is more common in the

literature.

We are finally ready to explore variations of Sren. Since Sren was constructed

by adding only boundary terms to the usual bulk action, we know that δSren must

be a pure boundary term on solutions. As before, we will discard boundary terms

in the far past and future of M and retain only the boundary term at ∂M . Since

∂M is globally hyperbolic with compact Cauchy surfaces, performing integrations

by parts on ∂M will yield boundary terms only in the far past and future of ∂M .
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Discarding these as well allows us to write

δSren =

∫
∂M

Sµνδgµν , (2.66)

for some Sµν . But let us now return to Fefferman-Graham gauge and use it to

expand δgµν as in (2.21). Since Sren is finite, δSren must be finite as well. But the

leading term in δgµν is of order z−2. So the leading term in Sµν must be of order

z2. It follows that only these leading terms can contribute to (2.66). Since the

leading term in δgµν involves δγ
(0)
ij , we may write

δSren =
1

2

∫
∂M

√
|γ0| T ijbndyδγ

(0)
ij (2.67)

for some finite so-called boundary stress tensorstress tensor T ijbndy on ∂M . For odd

d, the fact that Sren is invariant under arbitrary changes of conformal frame δγ
(0)
ij =

e−2σγ
(0)
ij immediately implies that the boundary stress tensor is traceless: Tbndy :=

γ
(0)
ij T

ij
bndy = 0. In even dimensions, the trace is determined by the conformal

anomaly of Sren (i.e., by the logarithmic term in either (2.60) or (2.65)) and one

finds

Tbndy = −`
d−1

κ
a(d). (2.68)

This result may also be derived by considering the radial version of the Hamilto-

nian constraint and evaluating this constraint at ∂M .

Comparing with section 2.3.1, it is clear that we may write

T ijbndy = lim
ε→0

(
`

ε

)d+2 (
τ ij + τ ijct

)
, (2.69)
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where again τij = κ−1(Kij −Khij) and the new term τ ijct comes from varying Sct.

In Fefferman-Graham gauge one finds by explicit calculation that for d odd

T ijbndy =
d`d−1

2κ
γ(d)ij. (2.70)

For d even there are extra contributions associated with the conformal anomaly,

which are thus all determined by γ(0); e.g. (see [45])

for d = 2 : T ijbndy =
`

κ

(
γ(2)ij+

1

2
Rγ(0)ij

)
(2.71)

for d = 4 : T ijbndy =
2`3

κ

[
γ(4)ij − 1

8

(
(γ(2))2 − γ(2)klγ

(2)
kl

)
γ(0)ij

−1

2
γ(2)ikγ(2)

k

j
+

1

4
γ(2)γ(2)ij +

3

2
γ̄(4)ij

]
, (2.72)

where γ(2), γ̄(4) are given by (2.19), (2.23), (2.24). In all cases, we see that we may

use γ
(0)
ij , T

ij
bndy to parametrize the free data in the Fefferman-Graham expansion.

The reader should note that the particular value of T ijbndy on a given solution

depends on the choice of a representative γ(0) and thus on the choice of conformal

frame. For d odd this dependence is a simple scaling, though it is more complicated

for d even.

But this does not diminish the utility of T ijbndy. For example, we see immedi-

ately from (2.67) that Sren defines a good variational principle whenever i) γ(0) is

fixed as a boundary condition or ii) d is odd, so that T ijbndy is traceless, and we fix

only the conformal class of γ(0).

We close this section with some brief comments on other possible boundary

conditions. We see from (2.67) that Sren is also a good variational principle if

51



Conserved Charges in Asymptotically (Locally) AdS Spacetimes Chapter 2

we fix T ijbndy = 0. As in section 2.3.2, one may obtain variational principles for

more complicated boundary conditions by adding further finite boundary terms to

(2.65); see [54] for details. However, just as for scalar fields with ν > 1, boundary

conditions that allow γ(0) to vary generally lead to ghosts [38] (with the exception

that, for d odd no ghosts arise from allowing γ(0) to vary by a conformal factor).

For this reason we consider below only boundary conditions that fix γ(0), or at

least its conformal class for d odd.

2.3.4 Conserved Charges for AlAdS gravity

We are now ready to apply the Brown-York-type procedure discussed in section

2.3.1 to construct conserved charges for AlAdS gravity. The key step is again an

argument analogous to (2.52) to show conservation of T ijbndy on ∂M . We give the

derivation here in full to highlight various subtleties of the AdS case. We also

generalize the result slightly by coupling the AlAdS gravity theory of section 2.3.3

to the scalar theory of section 2.3.2. For definiteness we assume that the boundary

conditions fix both γ(0) and φ(0) (up to conformal transformations (γ
(0)
ij , φ

(0)) →

(e−2σγ
(0)
ij , e

∆−σφ(0))) for odd d, where the transformation of φ(0) is dictated by

(2.42) and we take ν non-integer so that no log terms arise from the scalar field.

However, the more general case is quite similar [37, 54].

We thus consider the action Stotal = Sren + Sφ. The reader should be aware

that, because the counterterms in Sφ explicitly depend on the boundary metric

γ(0), this coupling to matter will change certain formulae in section 2.3.3. In
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particular, if we now make the natural definition

T ijbndy =
2√
|γ(0)|

δStotal

δγ
(0)
ij

, (2.73)

varying the action under a boundary conformal transformation leads to the more

general condition

Tbndy −∆−Φbndyφ
(0) = −`

d−1a(d)

κ
, (2.74)

which reduces to the trace constraint of section 2.3.3 only for Φbndy = 0, φ(0) = 0,

or ∆− = 0. Recall that Φbndy is given by (2.58).

The coupling to Sφ similarly modifies the divergence condition (2.52) of section

2.3.1. Using the definition (2.73), we find

δStotal =

∫
∂M

√
|γ(0)|

(
1

2
T ijbndyδγ

(0)
ij + Φbndyδφ

(0)

)
. (2.75)

Let us consider the particular variation associated with a bulk diffeomorphism ξ.

It is sufficient here to consider bulk diffeomorphisms compatible with whatever

defining function Ω we have used to write (2.75); i.e., for which £ξΩ = 0. As

described in section 2.2.5, other diffeomorphisms differ only in that they also

induce a change of conformal frame. Since we already extracted the information

about T ijbndy (and in particular, about its trace) that can be obtained by changing

conformal frame in section 2.3.3, we lose nothing by restricting here to vector

fields with £ξΩ = 0.

As described in section 2.2.5, we then find δγ(0) = £ξ̂γ
(0), δφ(0) = £ξ̂φ

(0),
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where ξ̂ is the vector field induced by ξ on ∂M . Thus (2.75) reads

δξSren = 0 =

∫
∂M

√
|γ(0)|

(
T ijDiξ̂j +

δSren

δφ(0)
£ξ̂φ

(0)

)
= −

∫
∂M

√
|γ(0)|ξ̂j

(
DiT

ij − ΦbndyD
jφ(0)

)
, (2.76)

where Di is again the covariant derivative on ∂M compatible with with γ(0), all

indices are raised and lowered with γ(0), and we have dropped the usual surface

terms in the far past and future of ∂M . Recalling that all ξ̂i can arise from bulk

vector fields ξ compatible with any given Ω, we see that (2.76) must hold for any

ξ̂j. Thus,

DiT
ij
bndy = ΦbndyD

jφ(0); (2.77)

i.e., T ijbndy is conserved on ∂M up to terms that may be interpreted as scalar

sources. These sources are analogous to sources for the stress tensor of, say, a

scalar field on a fixed spacetime background when the scalar field is also cou-

pled to some background potential. Here the role of the background potential

is played by φ(0), which we have fixed as a boundary condition. As in section

2.3.1, the divergence condition (2.77) may also be derived from the radial version

of the diffeomorphism constraint evaluated on ∂M . For φ(0) = 0 and d odd one

immediately arrives at (2.20) using (2.77) and (2.70).

We wish to use (2.77) to derive conservation laws for asymptotic symmetries.

Here it is natural to say that a diffeomorphism ξ of M is an asymptotic symmetry

if the there is some conformal frame in which the induced vector field ξ̂ on ∂M is i)
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a Killing field of γ(0) and ii) a solution of £ξ̂φ
(0) = 0. Due to the transformations of

γ(0), φ(0) under boundary conformal transformations, this is completely equivalent

to first choosing an arbitrary conformal frame and then requiring

£ξ̂γ
(0)
ij = −2σγ

(0)
ij , £ξ̂φ

(0) = ∆−σφ
(0). (2.78)

The first requirement says that ξ̂ is a conformal Killing field of γ
(0)
ij with 1

d
Diξ̂

i =

−σ and the second says that it acts on φ(0) like the corresponding infinitesimal

conformal transformation.

For even d, we must also preserve the boundary condition that γ(0) be fixed

(even including the conformal factor) and the requirement of section (2.3.3) that

Fefferman-Graham gauge hold to the first few orders in the asymptotic expansion.

An analysis similar to that of section 2.2.5 then shows that we must have ξz =

z
d
Diξ̂

i to leading order near ∂M . In particular, for Diξ̂
i 6= 0 an asymptotic

symmetry ξ must be non-compatible with Ω is just the right way to leave γ(0)

invariant.

As a side comment, we mention that the trivial asymptotic symmetries (the

pure gauge transformations) are just those with ξ̂ = 0. This means that they act

trivially on both T ijbndy and Φbndy of section 2.3.2, so that both both T ijbndy and

the Φbndy are gauge invariant. This conclusion is obvious in retrospect as these

response functions are functional derivatives of the action with respect to the

boundary conditions γ
(0)
ij and φ(0). Since both the action and any boundary con-

ditions are gauge invariant by definition, so too must be the functional derivatives

T ijbndy and Φbndy.
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Returning to our construction of chargesAlAdS spacetimes, note that for any

asymptotic symmetries as above we may compute

Di(T
ij
bndyξ̂j) = −σ(Tbndy −∆−Φbndyφ

(0)) = σ
`d−1a(d)

κ
, (2.79)

where in the final step we have used (2.74).

In analogy with section 2.3.1, we now consider the charges

Q[ξ] = −
∫
C

√
q niT

ij
bndyξj, (2.80)

where C is a Cauchy surface of ∂M ,
√
q is the volume element induced on C by

γ(0), and ni is the unit future pointing normal to C with respect to γ(0). It follows

from (2.79) that these charges can depend on C only through a term built from

the conformal anomaly a(d).

It is now straightforward to construct a modified charge Q̃[ξ] which is com-

pletely independent of C. The essential point here is to recall that a(d) depends

only on the boundary metric γ(0). Since we have fixed γ(0) as a boundary condi-

tion, the dependence on C is the same for any two allowed solutions. Thus on a

given solution s we need only define

Q̃[ξ](s) = Q[ξ](s)−Q[ξ](s0), (2.81)

where s0 is an arbitrary reference solution satisfying the same boundary condition

and which we use to set the zero-point. The construction (2.81) is sufficiently

trivial that one often refers to Q[ξ] itself as being conserved.
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Our construction of the charges Q[ξ], Q̃[ξ] depended on the choice of some

conformal frame. But it is easy to see that the charges are in fact independent

of this choice for d odd. In that case, the factors
√
q, ni, and T ijbndy all simply

scale under a boundary conformal transformation and dimensional analysis shows

that the combination (2.80) is invariant. For even d there are additional terms in

the transformation of T ijbndy. But as usual these depend only on γ(0) so that they

cancel between the two terms in (2.81). Thus even in this case for fixed s0 the

charges (2.81) are independent of the conformal frame.

To make the above procedure seem more concrete, we now quickly state results

for the AdS3 and AdS4 Schwarzschild solutions

ds2 = −
(

1− 2cdGM

ρd−2
+
ρ2

`2

)
dτ 2 +

dρ2

1− 2cdGM
ρd−2 + ρ2

`2

+ ρ2dΩ2
(d−2), (2.82)

where c3 = 1 and c4 = 4
3π

. The boundary stress tensor may be calculated by

converting to Fefferman-Graham coordinates, say for the conformal frame defined

by Ω = ρ−1. (Note that the Fefferman-Graham radial coordinate z will agree with

ρ only at leading order.) One then finds the energy

Q[−∂τ ] =


M, d = 3

M +
3π`2

32G
, d = 4,

(2.83)

where we remind the reader that energies E = −Q[∂τ ] = Q[−∂τ ] are convention-

ally defined in this way with an extra minus sign to make them positive. We see

that for d = 3 we recover the expected result for the energy of the spacetime. For

d = 4 we also recover the expected energy up to a perhaps unfamiliar choice of
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zero-point which we will discuss further in section 2.4.4.

2.3.5 Positivity of the energy in AlAdS gravity

Thus far we have treated all charges Q[ξ] on an equal footing. But when ξ̂ is

everywhere timelike and future-directed on ∂M , it is natural to call E = Q[−ξ] an

energyasymptotically locally AdS and to wonder if E is bounded below. Such a

result was established for the ADM energy of asymptotically flat spacetimes, and

the Witten spinor methods [55, 56] discussed there generalize readily to asymp-

totically AdS (AAdS) spacetimes so long as the matter fields satisfy the dominant

energy condition and decay sufficiently quickly at ∂M [57]. In particular, this

decay condition is satisfied for the scalar field of section 2.3.2 with m2 ≥ m2
BF

when φ(0) is fixed as a boundary condition. Extensions to more general scalar

boundary conditions can be found in [58, 59, 60, 61, 62]. Here the details of the

boundary conditions are important, as boundary conditions for which the W of

(2.59) diverges sufficiently strongly in the negative direction tend to make any

energy unbounded below (see e.g. [63] for examples). This is to be expected from

the fact that, as discussed in section 2.3.2, this W represents an addition to the

Lagrangian and thus to any Hamiltonian, even if only as a boundary term. As

for Λ = 0, the above AAdS arguments were inspired by earlier arguments based

on quantum supergravity (see [64, 65] for the asymptotically flat case and [32] for

the AAdS case).

The above paragraph discussed only AAdS spacetimes. While the techniques

described there can also be generalized to many AlAdS settings, it is not possible

to proceed in this way for truly general choices of M and ∂M . The issue is
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that the methods of [55, 56] require one to find a spinor field satisfying a Dirac-

type equation subject to certain boundary conditions. But for some M,∂M one

can show that no solution exists. In particular, this obstruction arises when

∂M = S1 × Rd−1 and the S1 is contractible in M [66].

The same obstruction also arises with zero cosmological constant in the context

of Kaluza-Klein theories (where the boundary conditions may again involve an S1

that is contractible in the bulk). In that case, the existence of so-called bubbles

of nothing demonstrates that the energy is in fact unbounded below and that

the system is unstable even in vacuum [67, 68]. But what is interesting about

the AlAdS context with ∂M = S1 × Rd−1 is that there are good reasons [66]

to believe that the energy is in fact bounded below – even if there are there

are some solutions with energy lower than what one might call empty AdS with

∂M = S1 × Rd−1 (by which we mean the quotient of the Poincaré patch under

some translation of the xi). Perhaps the strongest such argument (which we will

not explain here) comes from AdS/CFT. But another is that [69] identified a

candidate lowest-energy solution (called the AdS soliton) which was shown [66]

to at least locally minimize the energy. Proving that the AdS soliton is the true

minimum of the energy, or falsifying the conjecture, remains an interesting open

problem whose solution appears to require new techniques.

2.4 Relation to Hamiltonian Charges

We have shown that the charges (2.81) are conserved and motivated their

definition in analogy with familiar constructions for field theory in a fixed curved
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spacetime. But it is natural to ask whether the charges (2.81) in fact agree

with more familiar Hamiltonian definitions of asymptotic charges constructed,

say, using the AdS generalization of the Hamiltonian approach. Denoting these

latter charges H[ξ], the short answer is that they agree so long as we choose s0

in (2.81) to satisfy H[ξ](s0) = 0; i.e., they agree so long as we choose the same

(in principle arbitrary) zero-point for each notion of charge. We may equivalently

say that the difference Q[ξ]−H[ξ] is the same for all solutions in our phase space,

though for conformal charges it may depend on the choice of Cauchy surface C for

∂M . As above, for simplicity we take ∂M to be globally hyperbolic with compact

Cauchy surfaces.

This result may be found by direct computation (see [70] for simple cases).

But a more elegant, more general, and more enlightening argument can be given

[37] using a covariant version of the Poisson bracket known as the Peierls bracket

[71]. The essence of the argument is to show that Q[ξ] generates the canonical

transformations associated with the diffeomorphisms ξ. This specifies all Poisson

brackets of Q[ξ] to be those of H[ξ]. Thus Q[ξ]−H[ξ] must be a c-number in the

sense that all Poisson brackets vanish. But this means that it is constant over the

phase space.

After pausing to introduce the Peierls bracket, we sketch this argument below

following [37]. As in section 2.3.4, we suppose for simplicity that the only bulk

fields are the metric and a single scalar field with non-integer ν and we impose

boundary conditions that fix both γ
(0)
ij and φ(0). However, the argument for general

bulk fields is quite similar [37]. While this material represents a certain aside

from our main discussion, it will provide insight into the algebraic properties of
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conserved charges, the stress tensor itself, and a more general notion of so-called

boundary observables that we will shortly discuss.

2.4.1 The Peierls bracket

The Peierls bracket is a Lie bracket operation that acts on gauge-invariant

functions on the space of solutions S of some theory. As shown in the original

work [71], this operation is equivalent to the Poisson bracket under the natural

identification of the phase space with the space of solutions. However, the Peierls

bracket is manifestly spacetime covariant. In particular, one may directly define

the Peierls bracket between any two quantities A and B located anywhere in

spacetime, whether or not they may be thought of as lying on the same Cauchy

surface. In fact, both A and B can be highly non-local, extending over large

regions of space and time. These features make the Peierls bracket ideal for

studying the boundary stress-tensor, which is well-defined on the space of solutions

but is not a local function in the bulk spacetime.

To begin, consider two functions A and B on S, which are in fact defined as

functions on a larger space H, which we call the space of histories. This space

H is the one on which the action is defined; i.e., the solution space S consists of

those histories in H on which the action S is stationary. One may show that the

Peierls bracket on S depends only on A,B on S and not on their extensions to H.

The Peierls bracket is defined by considering the effect on one gauge invariant

function (say, B) when the action is deformed by a term proportional to another

such function (A). One defines the advanced (D+
AB) and retarded (D−AB) effects

of A on B by comparing the original system with a new system given by the
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action Sε = S + εA, but associated with the same space of histories H. Here ε is

a real parameter which will soon be taken to be infinitesimal, and the new action

is associated with a new space Sε of deformed solutions.

Under retarded (advanced) boundary conditions for which the solutions s ∈

S and sε ∈ Sε coincide in the past (future) of the support of A, the quantity

B0 = B(s) computed using the undeformed solution s will in general differ from

B±ε = B(sε) computed using sε and retarded (−) or advanced (+) boundary

conditions (see Fig. 2.4). For small epsilon, the difference between these quantities

defines the retarded (advanced) effect D−AB (D+
AB) of A on B through:

D±AB = lim
ε→0

1

ε
(B±ε −B0), (2.84)

which is a function of the unperturbed solution s. Similarly, one defines D±BA

by reversing the roles of A and B above. Since A,B are gauge invariant, D±BA

is a well-defined (and again gauge-invariant) function on the space S of solutions

so long as both A and B are first-differentiable on H. This requirement may be

subtle if the spacetime supports of A and B extend into the far past and future,

but is straightforward for objects like T ijbndy(x), Φbndy(x) that are well-localized in

time.

The Peierls bracket [71] is then defined to be the difference of the advanced

and retarded effects:

{A,B} = D+
AB −D−AB. (2.85)

As shown in [71], this operation agrees with the Poisson bracket (suitably

generalized to allow A,B at unequal times). This generalizes the familiar result
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∂M C

B−
ε = B(sε)

J = εA

2

Figure 2.4: An illustration of the definition of B−ε . A source term J = εA is
added to the action and the gauge invariant function B is calculated for the
deformed solution sε subject to the boundary conditions that s and sε coincide
in the far past. Dashed lines indicate the boundary of the causal future of J .
Only functions B which have support in this region can have B(sε) 6= B(s).
For visual clarity we have chosen our gauge invariant function A and B to have
compact support though this is not required.

that the commutator function for a free scalar field is given by the difference

between the advanced and retarded Green’s functions. In fact, it is enlightening

to write the Peierls bracket more generally in terms of such Green’s functions. To

do so, let us briefly introduce the notation φI for a complete set of bulk fields

(including the components of the bulk metric) and the associated advanced and

retarded Green’s functions G±IJ(x, x′). Note that we have

D+
AB =

∫
dx dx′

δB

δΦI(x)
G+
IJ(x, x′)

δA

δΦJ(x′)
=

∫
dx dx′

δB

δφj(x′)
G−JI(x

′, x)
δA

δφj(x)
= D−BA,

(2.86)

where we have used the identity G+
IJ(x, x′) = G−JI(x

′, x). Thus, the Peierls bracket

may also be written in the manifestly antisymmetric form

{A,B} = D−BA−D−AB = D+
AB −D+

BA. (2.87)
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The expressions (2.86) in terms of G±IJ(x, x′) are also useful in order to verify that

the Peierls bracket defines a Lie-Poisson algebra. In particular, the derivation

property {A,BC} = {A,B}C + {A,C}B follows immediately from the Leibnitz

rule for functional derivatives. The Jacobi identity also follows by a straightfor-

ward calculation, making use of the fact that functional derivatives of the action

commute (see e.g., [72, 73]). If one desires, one may use related Green’s func-

tion techniques to extend the Peierls bracket to a Lie algebra of gauge dependent

quantities [74].

2.4.2 Main Argument

We wish to show that the charges Q[ξ] generate the appropriate asymptotic

symmetry for any asymptotic Killing field ξ. Since this is true by definition for

any Hamiltonian charge H[ξ], it will then follow that Q[ξ]−H[ξ] is constant over

the space of solutions S. We first address the case where ξ is compatible with

Ω, and then proceed to the more general case where ξ̂ acts only as a conformal

Killing field on the boundary.

Showing that Q[ξ] generates diffeomorphisms along ξ amounts to proving a

certain version of Noether’s theorem. Recall that the proof of Noether’s theorem

involves examining the change in the action under a spacetime-dependent general-

ization of the desired symmetry. The structure of our argument below is similar,

where we consider both the action of a given asymptotic symmetry ξ and the

spacetime-dependent generalization fξ defined by choosing an appropriate scalar

function f on M . It turns out to be useful to choose f on M (with restriction f̂

to ∂M) such that
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• f = 0 in the far past and f = 1 in the far future.

• f̂ = 0 to the past of some Cauchy surface C0 of ∂M , and f̂ = 1 to the future

of some Cauchy surface C1 of ∂M .

Suppose now that ξ is an asymptotic symmetry compatible with Ω. Then the

bulk and boundary fields transform as

δφ = £ξφ, δgµν = £ξgµν , δγ
(0)
ij = £ξ̂γ

(0)
ij = 0, and δφ(0) = £ξ̂φ

(0) = 0.

(2.88)

The key step of the argument is to construct a new transformation ∆f,ξ on the

space of fields such that the associated first order change ∆f,ξS in the action

generates the asymptotic symmetry−ξ. We will first show that the above property

turns out to hold for

∆f,ξ := (£fξ − f£ξ), (2.89)

and then verify that ∆f,ξS = −Q[ξ]. The form of ∆f,ξS is essentially that sug-

gested in [75] using Hamilton-Jacobi methods, so our argument will also connect

Q[ξ] with [75].

An important property of (2.89) is that the changes ∆f,ξgµν and ∆f,ξφ are

algebraic in φ and gµν ; i.e., we need not take spacetime derivatives of gµν , φ to

compute the action of ∆f,ξ. Furthermore, ∆f,ξφ and ∆f,ξgµν are both proportional

to∇af , and so vanish in both the far future and the far past. This guarantees that

∆f,ξS is a differentiable function on H. In particular, solutions to the equations

of motion resulting from the deformed action S + ε∆f,ξS are indeed stationary

points of S+ ε∆f,ξS under all variations which preserve the conditions and vanish
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in the far future and past.

It is important to note that the quantity ∆f,ξS is gauge-invariant when the

equations of motion hold. This is easy to see since by definition on S all variations

of S become pure boundary terms. Boundary terms in the far past and future

vanish due to the observations above, and since γ
(0)
ij , φ

(0) are fixed by boundary

conditions the boundary terms on ∂M depend on the bulk fields only through the

gauge invariant quantities T ijbndy and Φbndy. Thus, we may take the Peierls bracket

of ∆f,ξS with any other observable A.

We proceed by considering the modified action

S̃[φ, gµν ] = S[φ, gµν ] + ε∆f,ξS[φ, gµν ] = S[φ+ ε∆f,ξφ, gµν + ε∆f,ξgµν ], (2.90)

where the last equality holds to first order in ε (and in fact defines ∆f,ξS[φ, gµν ]).

Since S̃ is just S with its argument shifted by ε∆f,ξ, the stationary points s1 of

S̃ are precisely the oppositely-shifted versions of the stationary points s of S; i.e.,

we may write s1 = (1− ε∆f,ξ)s for some s ∈ S.

We should of course ask if s1 satisfies the desired boundary conditions on

∂M . Since ξ is compatible with Ω, the boundary fields shift in the same way as

their bulk counterparts; i.e., those of s1 have been shifted by −ε∆f,ξ relative to

those of s. Since ξ is an asymptotic symmetry, its action preserves the boundary

fields. Now, the reader will note that there is a non-trivial effect from the £fξ

term in ∆f,ξ. But this term is a pure diffeomorphism, and since all boundary

terms are covariant on ∂M the action S̃ is invariant under all diffeomorphisms

compatible with Ω (i.e., which preserve the given conformal frame), even those
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that act non-trivially on the boundary. So the history

s2 = (1 + ε£fξ)s1 = (1 + εf£ξ)s (2.91)

has

φ(0)|s2 = φ(0)|s, gµν |s2 = gµν |s, (2.92)

and again solves the equations of motion that follow from S̃.

This observation allows a straightforward computation of the advanced and

retarded changes D±∆f,ξS
A for any gauge invariant quantity A. We first consider

the retarded change evaluated on a solution s as above. We require a solution s−ε

of the perturbed equations of motion which agrees with s in the far past. Since

the infinitesimal transformation f£ξ vanishes in the far past, we may set s−ε = s2

as defined (2.91) above; i.e. s−ε = (1 + εf£ξ)s. Thus, the retarded effect on A is

just D−∆f,ξS
A = f£ξA.

To compute the advanced effect, we must find a solution s+
ε of the perturbed

equations of motion which agrees with s in the far future. Consider the history

s+
ε = (1 − ε£ξ)s

−
ε = (1 + (f − 1)ε£ξ)s. Since this differs from s−ε by the action

of a symmetry compatible with Ω, it again solves the desired equations of motion

(to first order in ε) and induces the required boundary fields (2.92). In addition,

s+
ε and s agree in the far future (where f = 1). Thus, we may use s+

ε to compute

the advanced change in any gauge invariant A:

D+
∆f,ξS

A = (f − 1)£ξA. (2.93)
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Finally, we arrive at the Peierls bracket

{∆f,ξS,A} = D+
∆f,ξS

A−D−∆f,ξS
A = −£ξA. (2.94)

As desired −∆f,ξS generates a diffeomorphism along the asymptotic symmetry ξ

as desired.

All that remains is to relate ∆f,ξS to Q[ξ]. But this is straightforward. Since

f vanishes in the far past and future we have

∆f,ξS =

∫
M

(
δS

δφ
∆f,ξφ+

δS

δgµν
∆f,ξgµν

)
+

1

2

∫
∂M

√
γ(0) T ijbndy∆f,ξγ

(0)
ij +

∫
∂M

√
γ(0) Φbndy∆f,ξφ

(0).

(2.95)

But the bulk term vanishes on solutions s ∈ S, and from (2.88) we find ∆f,ξφ
(0) =

(£f̂ ξ̂ − f̂£ξ̂)φ
(0) = 0. So only the term containing T ijbndy contributes to (2.95).

To compute the remaining term note that

∆f,ξγ
(0)
ij = (£f̂ ξ̂ − f̂£ξ̂)γ

(0)
ij = ξ̂i∂j f̂ + ξ̂j∂if̂ . (2.96)

Since (2.96) vanishes when f is constant, we may restrict the integral over ∂M to

the region V between C0 and C1 and use the symmetry T ijbndy = T jibndy to obtain

∆f,ξS = =

∫
V

√
|γ(0)|T ijbndyξi∂jf

=

∫
C1

√
q njT

ij
bndyξi −

∫
V

√
|γ(0)|fDi

(
T ijbndyξj

)
= −QC1 [ξ]. (2.97)

Here we used the fact that f̂ = 0 on C0 to drop contributions from C0 and the
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fact that that ξ̂ is a Killing field of the boundary metric along with (2.79) to show

that the
∫
V

term in the second line vanishes.

Thus, −∆f,ξS agrees (on solutions) with the charge Q[ξ] evaluated on the cut

C1. Since Q[ξ] is conserved, this equality also holds on any other cut of ∂M .

Having already shown by eq. (2.94) that the variation ∆f,ξS generates the action

of the infinitesimal symmetry −ξ on observables, it follows that Q[ξ] generates

the action of ξ:

{Q[ξ], A} = £ξA, (2.98)

as desired.

2.4.3 Asymptotic Symmetries not compatible with Ω

We now generalize the argument to asymptotic symmetries ξ that are not

compatible with Ω, so that ξ̂ satisfies (2.78). The field content and boundary

conditions are the same as above. But the non-trivial action of ξ on Ω means that

there are now are additional terms when a diffeomorphism acts on the boundary

fields φ(0), γ
(0)
ij :

δ£fξφ
(0) = £f̂ ξ̂φ

(0) −∆−f̂σφ
(0), δ£fξγ

(0)
ij = £f̂ ξ̂γ

(0)
ij + 2f̂σγ

(0)
ij . (2.99)

Combining (2.78) and (2.99) we see that δ£ξ acts trivially on the boundary data

γ
(0)
ij , φ

(0), as it must since asymptotic symmetries were defined to leave the bound-

ary conditions invariant. Thus the histories s±ε identified above (see, e.g., (2.91))

again satisfy the same boundary conditions as s.
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In contrast to section 2.4.2 the operation £fξ now acts non-trivially on Ω and

thus on S. But since this is only through the conformal anomaly term a(d) in

(2.65), £fξS depends only on the boundary metric γ(0) and is otherwise constant

on H. So the equations of motion are unchanged and the histories s±ε again solve

the equations of motion for S̃.

It remains to repeat the analogue of the calculation (2.97). But here the only

change is that the
∫
V

term on the second line no longer vanishes. Instead, it

contributes a term proportional to a(d). Since this term is constant on the space

of solutions S, it has vanishing Peierls brackets and we again conclude that QC1 [ξ]

generates the asymptotic symmetry ξ. (This comment corrects a minor error in

[74].) And since QC [ξ] depends on the Cauchy surface C only through a term that

is constant on S, the same result holds for any C. Thus, even when ξ̂ is only a

conformal symmetry of the boundary, QC [ξ] −H[ξ] is constant over the space S

of solutions.

2.4.4 Charge algebras and central charges

We saw above that our charges Q[ξ] generate the desired asymptotic symme-

tries via the Peierls bracket. This immediately implies what is often called the

representation theorem, that the algebra of the charges themselves matches that

of the associated symmetries up to possible so-called central extensions. This

point is really quite simple. Consider three vector field ξ1, ξ2, ξ3 related via the

Lie bracket through {ξ1, ξ2} = ξ3. Now examine the Jacobi identity
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{Q[ξ1], {Q[ξ2], A}}+ {Q[ξ2], {A,Q[ξ1]}}+ {A, {Q[ξ1], Q[ξ2]}} = 0 (2.100)

which must hold for any A. Since {Q[ξi], B} = £ξiB for any B, we may use

(2.100) to write

£ξ3A = £ξ1 (£ξ2A)−£ξ2 (£ξ1A) = {{Q[ξ2], Q[ξ1]}, A}. (2.101)

But the left-hand-side is also {Q[ξ3], A}. So we conclude that {Q[ξ1], Q[ξ2]} gen-

erates the same transformation as Q[ξ3]. This means that they can differ only by

some K(ξ1, ξ2) which is constant across the space of solutions (i.e., it is a so-called

c-number):

{Q[ξ1], Q[ξ2]} = Q[{ξ1, ξ2}] +K(ξ1, ξ2). (2.102)

For some symmetry algebras one can show that any such K(ξi, ξj) can be

removed by shifting the zero-points of the charges Q[ξ]. In such cases the K(ξi, ξj)

are said to be trivial. Non-trivial K(ξi, ξj) are classified by a cohomology problem

and are said to represent central extensions of the symmetry algebra.

It is easy to show that K(ξi, ξj) may be set to zero in this way whenever there

is some solution (call it s0) which is invariant under all symmetries. The fact

that it is invariant means that {Q[ξi], A}(s0) = 0; i.e., the bracket vanishes when

evaluated on the particular solution s0 for any ξi and any A. So take A = Q[ξj],

and set the zero-points of the charges so that Q[ξ](s0) = 0. Evaluating (2.102) on

s0 then gives K(ξi, ξj)(s0) = 0 for all ξ. But since K(ξi, ξj)(s0) is constant over
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the space of solutions this means that it vanishes identically.

For asymptotically flat spacetimes the asymptotic symmetries generate the

Poincaré group, which are just the exact symmetries of Minkowski space. Thus

one might expect the asymptotic symmetries of (d+ 1)-dimensional AlAdS space-

times to be (perhaps a subgroup of) SO(d, 2) in agreement with the isometries of

AdSd+1 compatible with the boundary conditions on ∂M . Since (at least when

it is allowed by the boundary conditions) empty AdSd+1 is a solution invariant

under all symmetries one might expect that the corresponding central extensions

are trivial.

This turns out to be true for d > 2. Indeed, any Killing field of AdSd+1

automatically satisfies our definition of an asymptotic symmetry (at least for

boundary conditions φ(0) = 0 and γ
(0)
ij the metric on the Einstein static universe).

But for d = 2 there are additional asymptotic Killing fields that are not Killing

fields of empty AdS3. This is because all d = 2 boundary metrics γ
(0)
ij take the

form ds2 = guvdudv when written in terms of null coordinates, making manifest

that any vector field ξ̂u = f(u), ξ̂v = g(v) is a conformal Killing field of γ
(0)
ij . This

leads to an infinite-dimensional asymptotic symmetry group, which is clearly much

larger than the group SO(2, 2) of isometries of AdS3.

Thus as first noted in [35] there can be a non-trivial central extension for

d = 2. In this case, one can show that up to the above-mentioned zero-point

shifts all central extensions are parametrized by a single number c called the

central chargecentral extension. (When parity symmetry is broken, there can be

separate left and right central charges cL, cR.) Ref [35] calculated this central

charge using Hamiltonian methods, but we will follow [53] and work directly with
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the boundary stress tensor.

Since the charges Q[ξ] generate (bulk) diffeomorphisms along ξ, and since the

charges themselves are built from T ijbndy, the entire effect is captured by computing

the action of a bulk diffeomorphism ξ on T ijbndy. As noted in section 2.2.5, the

action of ξ on boundary quantities generally involves both a diffeomorphism ξ̂

along the boundary and a change of conformal frame. And as we have seen, for

even d changes of conformal frame act non-trivially on T ijbndy. For guv = −1 a

direct calculation gives

Tbndy uu → Tbndy uu + (2Tbndy uu∂uξ
u + ξu∂uTbndy uu)−

c

24π
∂3
uξ

u

Tbndy vv → Tbndy vv + (2Tbndy vv∂vξ
v + ξv∂vTbndy vv)−

c

24π
∂3
vξ

v, (2.103)

where c = 3`/2G. The term in parenthesis is the tensorial part of the transforma-

tion while the final (so called anomalous) term is associated with the conformal

anomaly a(2) = −(c/24π)R.

It is traditional to Fourier transform the above components of the stress tensor

to write the charge algebra as the (double) Virasoro algebra

i{Lm, Ln} = (m− n)Lm+n +
c

12
m(m2 − 1)δm+n,0, (2.104)

i{L̄m, L̄n} = (m− n)L̄m+n +
c

12
m(m2 − 1)δm+n,0, (2.105)

where {Ln, L̄m} = 0 and

Ln = − 1

2π

∫
S1

eiunTbndy uudu, L̄n = − 1

2π

∫
S1

eivnTbndy vvdv. (2.106)
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Here we have take ∂M = S1 ×R so that the dynamics requires both Tuu and Tvv

to be periodic functions of their arguments. We have taken this period to be 2π.

The anomalous transformation of T ijbndy leads to interesting zero-points for cer-

tain charges. Suppose for example we take T ijbndy to vanish for the Poincaré patch

of empty AdS3 in the conformal frame where the boundary metric is (uncompact-

ified) Minkowski space. Then since S1 × R is (locally) conformal to Minkowski

space, we can use the conformal anomaly to calculate T ijbndy for empty AdS3 with

Einstein static universe boundary metric. One finds that the resulting energy

does not vanish. Instead, Eglobal AdS3
= −c/12` = −1/8G so that E = 0 for the

so-called M = 0 Bañados-Teitelboim-Zanelli (BTZ) black hole [76, 77]. The offset

in (2.83) arises from similarly setting T ijbndy = 0 for empty AdS5 in the conformal

frame where the boundary metric is (uncompactified) Minkowski space.

2.5 The algebra of boundary observables and

the AdS/CFT correspondence

We have shown above how the boundary stress tensor can be used to construct

charges Q[ξ] associated with any asymptotic symmetry ξ of a theory of asymp-

totically locally anti-de Sitter spacetimes. The Q[ξ] are conserved (perhaps, up to

c-number anomaly terms) and generate the asymptotic symmetry ξ under the ac-

tion of the Peierls bracket (or equivalently, under the Poisson bracket). Therefore

the Q[ξ] are equivalent to the Hamiltonian charges that we could derive using tech-

niques analogous to those familiar from studying asymptotically flat spacetimes.

Conversely, boundary stress tensor methods can also be applied in the asymptoti-
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cally flat context [78, 79, 80]. Readers interested in direct Hamiltonian approaches

to AdS charges should consult [33, 34, 35]; see also [32, 81, 82, 40, 41, 83, 84] for

other covariant approaches.

We chose to use boundary stress tensor methods for two closely related rea-

sons. The first is that, in addition to its role in constructing conserved charges, the

local boundary field T ijbndy turns out to contain useful information on its own. For

example, it plays a key role in the hydrodynamic description of large AdS black

holes known as the fluid/gravity correspondence [85] (which may be considered a

modern incarnation of the so-called membrane paradigm [86]). The extra informa-

tion in T ijbndy appears at the AdS boundary ∂M due to the fact that all multipole

moments of a given field decay near ∂M with the same power law; namely, the

one given by the γ(d) term in the Fefferman-Graham expansion (2.21). This is in

striking contrast with the more familiar situation in asymptotically flat spacetimes

where the large r behavior is dominated by the monopole terms, with sub-leading

corrections from the dipole and higher order multipoles. Indeed, while as noted

above similar boundary stress tensor techniques can be employed in asymptoti-

cally flat spacetimes, the asymptotically flat boundary stress tensor contains far

less information.

The second reason is that both T ijbndy and Φbndy play fundamental roles in the

AdS/CFT correspondence [1] (see especially [3]). Any treatment of asymptotic

AdS charges would be remiss without at least mentioning this connection, and

we take the opportunity below to give a brief introduction to AdS/CFT from the

gravity side. This turns out to be straightforward using the machinery described

thus far. Indeed, the general framework requires no further input from either
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string theory or conformal field theory and should be readily accessible to all

readers of this volume. As usual, we consider bulk gravity coupled to a single

bulk scalar and fix both γ
(0)
ij and φ(0) as boundary conditions. We refer to γ

(0)
ij

and φ(0) as boundary sources below. More general boundary conditions may be

thought of as being dual to CFTs with additional interactions [87] or coupled to

additional dynamical fields [88, 89, 54], though we will not go into the details here.

The only new concept we require is that of the the algebra Abndy of boundary

observables, which is just the algebra generated by T ijbndy and Φbndy under the

Peierls bracket. Here we mean that we consider the smallest algebra containing

both T ijbndy and Φbndy which is closed under finite flows; i.e., under the classical

analogue of the quantum operation eiABe−iA. A key property of Abndy follows

from the fact that the bulk equations of motion are completely independent of

the choice of conformal frame Ω. Thus, up to the usual conformal anomalies,

under any change of conformal frame the boundary observables transform only by

rescaling with a particular power of e−σ known as the conformal dimensioncon-

formal transformation (d for T ijbndy, and ∆+ for Φbndy), with the boundary sources

transforming similarly with conformal weights zero for γ
(0)
ij and ∆− for φ(0). (In

defining the conformal dimension it is conventional not to count the ±2 powers

of e−σ associated with the indices on T ijbndy and γ
(0)
ij .) In this sense the theory of

Abndy is invariant (or, perhaps better, covariant) under all changes of boundary

conformal frame. Of course we have already shown that when the boundary ob-

servables admit a conformal Killing field ξ̂, the corresponding transformation is

generated by the associated Q[ξ] from (2.80). Now since the charges Q[ξ] are built

from T ijbndy and Φbndy they also lie in the algebra Abndy. When ξ̂ can be chosen to
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be everywhere timelike, this immediately implies that Abndy is also closed under

time evolution. This last property can also be shown much more generally; see

e.g. [90].

We now extract one final property of the algebra Abndy. From the expression

(2.86) in terms of Green’s functions, it is clear that the Peierls bracket {A,B}

of two observables vanishes on any solution s for which A,B are outside each

other’s light cones; i.e., when the regions on which A,B are supported cannot be

connected by any causal curve. Furthermore, as shown in [91] the null energy

condition implies that two boundary points x, y can be connected by a causal

curve through the bulk only when they can also be connected by a causal curve

lying entirely in the boundary. It follows that the algebra Abndy satisfies the usual

definition of locality for a field theory on ∂M ; namely that Peierls brackets vanish

outside the light cones defined by the boundary metric γ
(0)
ij .

Though we have so far worked entirely at the classical level, let us now assume

that all of the above properties persist in the quantum theory. We then have a

conformally covariant algebra of operators Abndy with closed dynamics, local com-

mutation relations on ∂M , and a stress tensor T ijbndy that generates all conformal

symmetries. In other words, we have a local conformal field theory on ∂M .

This is the most basic statement of the AdS/CFT correspondence. Any bulk

AlAdS quantum gravity theory in which the above classical properties continue to

hold defines a conformal field theory (CFT) through its algebra Abndy of boundary

observables. Now, we should remark that the AdS/CFT correspondence as used in

string theory goes one step further. For certain specific bulk theories it identifies

the so-called dual CFT as a particular known theory defined by its own Lagrangian
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with a definite field content. For example, when the bulk is type IIB string theory

asymptotic to a certain AdS5 × S5 solution, the corresponding CFT is just N = 4

super-Yang-Mills. We will not go into further details here, though the interested

reader may consult various reviews such as [4, 5, 7].

On the other hand, even without having a separate definition of the CFT,

the above observations already have dramatic implications for the bulk quantum

gravity theory. In particular, the statement that Abndy is closed under time evolu-

tion runs completely counter to one’s usual intuition regarding field theory with a

boundary. We usually think that most of the dynamical degrees of freedom live in

the bulk spacetime, with perhaps only a small subset visible on the boundary at

any time. In particular, we expect any signal present on the boundary at time t0

to then propagate into the bulk and (at least for some time) to essentially disap-

pear from the algebra of boundary observables. Since Abndy is closed under time

evolution, it is clear that this is simply not the case in our quantum gravity theory.

The difference arises precisely from the fact that the gravitational Hamiltonian

(and more generally any Q[ξ]) is a pure boundary term. This property was called

boundary unitarity in [90]. See also [92] for further discussion of this point.

The reader should take care to separate boundary unitarity from the possible

claim that Abndy captures the complete set of bulk observables. The two ideas are

logically separate, as there can in principle be additional bulk observables Aother

so long as they do not mix dynamically with those in Abndy. One says that the

possible values of Aother define superselection sectors with respect to Abndy [93].

But any such additional observables are clearly very special. The requirement

that they not affect Abndy strongly suggests that at least semi-classically such
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observables have to do only with properties of spacetime hidden from the boundary

behind both past and future horizons [94]. In particular, any degrees of freedom

that determine whether black holes are connected by (non-traversable) wormholes

seem likely to lie inAother. On the other hand, in perturbation theory about empty

AdS (or even about solutions that are empty AdS in the far past) one may show

that Aother is indeed empty [90].
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Chapter 3

Generalized gravitational entropy

without replica symmetry

3.1 Introduction

A major goal of quantum gravity is to understand the microscopic origin of

Bekenstein’s formula [95, 96, 97]

S =
Area

4G
. (3.1)

One approach to studying this problem is to derive (3.1) from a path integral

formulation of quantum gravity. In the seminal paper [98], Gibbons and Hawking

derived (3.1) for states described by a Euclidean path integral that is dominated

by a U(1) symmetric saddle point.

AdS/CFT has provided a comprehensive framework for understanding gravi-

tational path integrals by identifying certain string theories with particular con-
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A

Γ

Σ

1

Figure 3.1: A sketch of the Ryu–Takayanagi surface Σ associated with some
boundary region A. Γ is a codimension-one surface satisfying ∂Γ = Σ ∪A.

formal field theories [1, 3, 2]. By using this correspondence (3.1) can be derived

from the path integral of the dual field theory. Ryu and Takayanagi [19, 20]

have proposed that this result is a special case of a more general correspondence

between area and entropy. They conjecture that in holographic theories the von

Neumann entropy of the density matrix ρ associated with a CFT region A is given

by the area of a surface in the bulk geometry, i.e.

S(ρ) =
Area[Σ]

4G
. (3.2)

In Euclidean AdS/CFT, the surface Σ is defined as the minimum area codimension-

two surface for which there exists a codimension-one surface Γ satisfying ∂Γ =

Σ ∪ A (see Fig. 3.1). This latter restriction is commonly known as the homology

constraint [99].

Significant progress has been made towards deriving (3.2) by Lewkowycz and

Maldacena [21].1 Their derivation, which we review in section 3.2 below, ap-

plies whenever Trρn is equal to a Euclidean path integral dominated by saddles

which preserve replica symmetry. Replica symmetry refers to a discrete global Zn
1see also [100, 101].
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symmetry when the field theory path integral is computed over n copies of the

original manifold. This replica construction can be used to compute the integer

Rényi entropies

Sn(ρ) = − 1

n− 1
log

(
Tr[ρn]

Tr[ρ]n

)
. (3.3)

In AdS/CFT, ρn is dual to a gravitational solution on a bulk manifold Mn with

metric g(n). By analytically continuing g(n) to real n and taking the limit n → 1

Lewkowycz and Maldacena calculated the von Neumann entropy and found that it

is equal to the area of an extremal area surface, consistent with the formula (3.2).

This derivation was subsequently extended to higher curvature theories of

gravity. Not surprisingly, several technical subtleties arise when higher curvature

terms are included in the action. Still, the Lewkowycz–Maldacena method gives a

prescription for calculating the entropy functional [102, 103, 104, 105]. However,

several researchers [106, 107, 108, 109] have noticed obstructions to deriving the

equations of motion for Σ when using the Lewkowycz–Maldacena ansatz for g(n).

This problem can be understood as follows. In general relativity, Lewkowycz

and Maldacena derive the extremal area condition by requiring that g(n) satisfy

the Einstein equation to leading order in (n−1). Assuming that the matter stress

tensor remans finite, this entails discarding potentially divergent contributions to

the Ricci tensor. To first order in (n− 1), only the transverse-transverse compo-

nents of the Ricci diverge, and these divergences can be cured by requiring that the

trace of the extrinsic curvature vanish in both transverse directions. Thus there

is a precise matching between the structure of potential divergences in the field
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equations and the constraints necessary to fix the location of the surface Σ. How-

ever, in higher curvature theories all components of the field equations generally

diverge, and these divergences outnumber the degrees of freedom of Σ. Further-

more, even if one focuses only on the transverse-transverse divergences, these split

into “leading” and “subleading”, the latter suppressed by powers of rn−1 relative

to the former, where r is a radial coordinate centered on the entangling surface Σ.

It was noted in [108, 103] that, for a large family of higher curvature theories of

gravity, requiring the leading transverse-transverse divergences to vanish extrem-

izes the entropy on Σ. This observation raises the question of what to do with

the subleading divergences, and with the divergences in the other components.

One purpose of this paper is to resolve this problem by generalizing the

Lewkowycz and Maldacena ansatz for g(n). By including terms which are pure

gauge for n = 1 but physical for n 6= 1 we obtain a richer structure of divergences

in the curvature which propagates to all components of the Ricci tensor. We will

also allow g(n) to break replica symmetry. We present these generalizations in

section 3.3 and show that we are able to rederive the results of [21]. This means

showing that, despite the additional constraints from the field equations, we do

not over constrain the location of Σ. The analysis also suggests that the assump-

tion of replica symmetry can be dropped from the derivation of [21], as we discuss

below.

In section 3.4 we apply our technique to general relativity plus a small Gauss–
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Bonnet coupling. The action for this theory is [110, 111]

IGB = − 1

16πG

∫
dDy
√
g
(
R + λ(RµνρσR

µνρσ − 4RµνR
µν +R2)

)
+ Imatter + . . . ,

(3.4)

where the dots indicate boundary terms and O(λ2) terms. More properly, the lat-

ter are controlled by the small dimensionless parameter (λRiem)2. We can regard

this setup as a toy model for the α′ expansions that arise in string theory [112].2

In D ≤ 4 the term proportional to λ is a total derivative and does not contribute

to the equations of motion, so we will work in D > 4. It was argued in [117, 118]

that the analog of the Ryu–Takayanagi formula (3.2) for Einstein–Gauss–Bonnet

should be the Jacobson–Myers entropy [119, 120]

SJM =
1

4G

(
Area + 2λ

∫
Σ

dD−2σ
√
γR
)

+ . . . , (3.5)

evaluated on a surface Σ that extremizes (3.5), or equivalently, on a surface which

satisfies

(
γij − 4λRij

)
Kijz +O(λ2) = 0 . (3.6)

Here γij is the metric induced on Σ, and Rijkl and Kijz are its intrinsic and

extrinsic curvatures.

The first half of this conjecture, namely that the appropriate entropy func-

tional is the Jacobson–Myers entropy, was shown in [102, 103, 104]. However, the

2Because we take the coupling to be infinitesimal, our setup is free from the issues discussed
in [113, 114, 115, 116].
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derivation of the extremality condition involves accounting for the divergences

mentioned above. We find that the extra freedom afforded by our ansatz allows

us to cancel all order (n−1) divergences in the Einstein–Gauss–Bonnet field equa-

tions precisely when (3.6) holds. As in the case of general relativity, this is the

only constraint on Σ. We also find that the equations of motion allow replica

symmetry breaking terms to contribute to the extrinsic curvature at n = 1, but

in a way that preserves (3.6).

3.2 Review of the Lewkowycz–Maldacena deriva-

tion

In this section we review the generalized gravitational entropy of [21]. The pur-

pose of the generalized entropy is to use holography to compute the von Neumann

entropy

S(ρ) = −Tr(ρ̂ log(ρ̂)) , (3.7)

where ρ̂ = ρ/Tr[ρ] and ρ is of the form

ρ = P
(
e−

∫ 2π
0 dτ H(τ)

)
. (3.8)

Here H(τ) is the Euclidean Hamiltonian and P indicates path ordering. The

density matrix ρ can then be seen as a Euclidean time evolution operator for a

time interval of length 2π.

If the Hamiltonian does not depend on time then this density matrix is thermal

85



Generalized gravitational entropy without replica symmetry Chapter 3

4

Figure 3.2: A sketch of the n = 3 replica manifold. The three solid black
lines represents the τ circle of the boundary manifold B3 and the dashed lines
represent cuts at τ = 2πk for integer k. The gray line is a closed curve in the
bulk M3 which illustrates how the three slices are glued together along the cuts.
The path integral on B3 computes Tr[ρ3] and provides a geometric realization
of the formula (3.9). This path integral can also be expressed as the action
associated with the metric g(3), a smooth metric that solves the gravitational
field equation on M3, as in (3.10). Note that even if the state ρ3 is replica
symmetric, g(3) is not simply three copies of g(1) glued together, as the latter
metric would not be smooth.

and takes the form ρT =
∑

i e
−2πEi |Ei〉〈Ei|, in which case the considerations to

follow give the usual results of black hole thermodynamics. In the remainder we

will focus on the more general class of states (3.8) by allowing Euclidean time-

dependent features of the spacetime in the field theory side.

The advantage of restricting to the class of states (3.8) is that they have a

geometric representation in the field theory as a path integral over some manifold

B. The Rényi entropies Sn (defined in (3.3)) of these states can be written as a

path integral over a manifold Bn constructed by gluing together n copies of the

original length manifold B, with the trace implemented by the identification of
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the initial and final cuts (see Fig. 3.2):

Tr[ρn] = P
(
e−

∫ 2πn∼0
0 dτ H(τ)

)
≡ Z(n) . (3.9)

The right hand side of this equation refers to the path-integral representation of

this quantity as the partition function on a Euclidean manifold with Zn symmetry,

Bn. This replica symmetry is implemented by translating τ by multiples of 2π:

τ → τ + 2πs, s ∈ Z/nZ. This symmetry is enhanced to U(1) for the thermal

state.

Holography maps these field theory calculations to a gravitational computation

in one more dimension. In the semiclassical limit we have

Z(n) ≈ e−In , (3.10)

where In is the Euclidean action of a gravitational saddle point in one more

dimension. We will refer to this geometry as the replica manifold (Mn, g(n)).3 The

field theory manifold Bn is identified with the boundary of Mn, i.e. ∂Mn = Bn.

This boundary Bn is Zn symmetric by construction, but this symmetry need not

extend into the bulk. Whether it does or not is decided dynamically.

The von Neumann entropy (3.7) of the state (3.8) is then computed holograph-

ically as:

S = − lim
n→1

1

n− 1
log

(
e−In

e−nI1

)
= ∂n (In − nI1)|n=1 . (3.11)

3Therefore we have In ≡ I[g(n)].
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This expression is subtle. For one thing, it requires a prescription for analytically

continuing a function defined over the positive integers In, to a function over the

reals. The prescription of Lewkowycz and Maldacena [21] for this continuation

can be thought of as a prescription for the analytic continuation of the geometries

g(n), whose action is In. This procedure requires, e.g., specifying what one means

by Zn symmetry for non-integer n. We will review this below, and see how it leads

to well defined computations and familiar results for general relativity in the bulk.

The expression (3.11) can be manipulated into the gravitational action of a

conical singularity. To do so, start by absorbing the factor of n in the second term

in the right hand side into the period of Euclidean time:

nI1 = n

∫ 2π

0

dτ L1 =

∫ 2πn

0

dτ L1 ≡ In[n− 1] , (3.12)

where the brackets indicate that we are calculating the action of a geometry with

a conical excess,4 of strength 2π(n− 1)—since we have extended the period of τ .

The benefit of this manipulation is that now the two geometries in the right hand

side of (3.11), the one in In and the one in In[n − 1], have the same boundary

conditions. One can therefore meaningfully compare their actions. Using the

stationarity of In one arrives at

S = ∂nÎ1[n− 1]
∣∣∣
n=1

. (3.13)

The hat on Î indicates the contribution to the action of an infinitesimal coni-

cal excess. To do this calculation, one first regulates the conical singularity by

4We should not, however, include any contributions to In[n− 1] localized in the singularity.

88



Generalized gravitational entropy without replica symmetry Chapter 3

smoothing the tip of the cone, then calculates the action of the regulated geome-

try, and finally sends the regulator to zero. For general relativity, this results in

S = Area/4G, in agreement with (3.1).

If g(n) is replica symmetric, we can rewrite the argument in the above para-

graph in terms of a conical deficit, by manipulating the first term instead of the

second one in eq.(3.11), using that

In =

∫ 2πn

0

dτ Ln = n

∫ 2π

0

dτ Ln = nI1[1− n] . (3.14)

However, we can not write the second equality if the replica symmetry of the

boundary Zn does not extend into the bulk. Therefore, while the derivation of the

holographic entanglement entropy functional as the action of a conical excess is

robust against the breakdown of Zn, the introduction of a conical defect formally

depends on g(n) being replica symmetric.

To derive an equation of motion for the location of the entropy surface Σ,

start by noticing that if the metric g(n) on Mn is replica symmetric, then there

is a special surface Σn in Mn consisting of fixed points of the Zn symmetry. The

calculation of the entropy in terms of a conical deficit naturally localises on this

surface, and the entangling surface Σ in M1 is the limit of Σn as n→ 1.5

Σ is however not defined by symmetry in M1, as this manifold is not symmetric

in general. Σ is instead defined by an equation of motion. To find this equation

of motion, consider the analytic continuation of the Zn–symmetric metric g(n) to

5For non-integer n it no longer makes sense to identify τ ∼ τ + 2πn. If we did, the metric
g(n) would be discontinuous along the cut. The prescription for computing the action in [21] is
to integrate over τ ∈ [0, 2π) and multiply the result by n. An alternative analytic continuation
which does identify τ ∼ τ + 2πn was considered in [121].
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real n. A side effect of the analytic continuation is that now the Riemann tensor

of g(n) diverges on the surface Σn. However, requiring the equations of motion

hold with a finite stress-energy tensor, i.e.

Eµν [g
(n)] = (finite) , (3.15)

where Eµν are the gravitational field equations, results in a constraint for the

location of Σn. The limit n → 1 of this constraint is the equation of motion for

Σ.

The key step in this argument is defining the analytically continued metric

g(n). To do this it is useful to introduce coordinates adapted to the surface Σn.

On the D-dimensional manifold Mn let xa for a, b = 1, 2 be transverse Cartesian

coordinates to Σn and let σi for i, j = 3, . . . , D be coordinates on Σn (see Fig. 3.3).

We take Σn to be located at x1 = 0 = x2. It will also be useful to work with the

polar coordinates

r =
√

(x1)2 + (x2)2, tan
(τ
n

)
=
x2

x1
, (3.16)

and especially the complex coordinate

z = x1 + ix2 = reiτ/n, z̄ = x1 − ix2 = re−iτ/n . (3.17)

Lewkowycz and Maldacena define g(n) by working out an expansion of the metric
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σi

x1x2

Σ

2

Figure 3.3: A sketch of the coordinates used in the text. Σ is the codimen-
sion-two entropy surface. In our coordinates, Σ is located at x1 = 0 = x2 and
points on its surface are described by the D − 2 coordinates σi.

in powers of the distance to Σn:

g(n)
µν dy

µdyν = dz dz̄ + 2Aizz̄(z̄dz − zdz̄)dσi + (γij + 2Kijzz
n + 2Kijz̄ z̄

n) dσidσj + . . . ,

(3.18)

where the dots denote terms that become O(|z|2) as n → 1. The metric g(n) is

explicitly regular at integer n, as it contains only non-negative integer powers of

the coordinates, and is invariant under Zn transformations z → z ei 2πs/n. The

fixed points of this replica symmetry form the codimension-two surface Σn, at

r = 0.

A short calculation reveals that the Riemann tensor of g(n) has a singularity

at Σn for n ∼ 1:

Rizjz = −n− 1

z
Kijzz

n−1 , (3.19)

which propagates only to the zz components of the Ricci tensor (and z̄z̄ by com-

plex conjugation). Demanding that this singularity in the Ricci vanishes by (3.15),
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one finds

γijKijz = 0 . (3.20)

Upon sending n → 1 in the metric g(n), Kijz becomes the extrinsic curvatures of

Σ, Kijz, and (3.20) becomes the equations of motion for an extremal area surface,

in agreement with the Ryu–Takayangi formula. This completes our review of the

generalized entropy of Lewkowycz and Maldacena.

3.3 Deriving the surface equations of motion with-

out replica symmetry

In this section we will generalize the metric (3.18) to allow for replica symmetry

breaking terms as well as more general replica symmetric ones. In section 3.4 these

generalizations will prove to be crucial ingredients for the solution of the field

equations (3.15) in Einstein–Gauss–Bonnet gravity. Since Σn is defined in [21] as

the set of fixed points of the replica symmetry, part of the task of this section is

to define Σ without assuming replica symmetry.

3.3.1 Defining the replica manifold

As reviewed in section 3.2, the key step in Lewkowycz and Maldacena’s argu-

ment is defining the analytically continued metric g(n). Once the metric g(n) is

given, the location of Σn is restricted by the field equations (3.15). Lewkowycz

and Maldacena are able to learn what they need to know about g(n) and Σn by
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assuming (3.18) and working to leading order in an expansion in powers of (n−1).

We will perform the same calculation using a more general boundary condition

for the surface Σn. As mentioned above our boundary condition will allow g(n)

to break replica symmetry. For solutions which happen to be replica symmet-

ric we can think of our calculation as a technical generalization of Lewkowycz–

Maldacena, but for replica symmetry breaking g(n) we must supply a new defini-

tion of the surface Σn. In this case we define the metric by a boundary condition

on a bulk surface which we call Σn. One way to state our boundary condition

is that we only allow terms which individually preserve some discrete symmetry

on Mn for integer n (though different terms need not preserve the same discrete

symmetry). The surface Σn is then the set of common fixed points of all of these

discrete symmetries. This, together with regularity at integer n, fixes the bound-

ary condition for g(n) around Σn.

We require that the metric near Σn takes the form6

g(n)
µν dy

µdyν = dz dz̄ +
[
L̂

(n)
zz̄zz + L̂

(n)
zz̄z̄ z̄ + c.c.

]
dz dz̄ +

[
(L̂(n)

zzzz + L̂
(n)
zzz̄ z̄)dz dz + c.c.

]
+2
[
(Â

(n)
izzz + Â

(n)
izz̄ z̄)dz dσi + c.c.

]
+
(
γij +

[
2K̂

(n)
ijz z + c.c.

])
dσidσj ,

(3.21)

6In fact, it is natural to generalize (3.21) slightly, see (3.43) below. For the benefit of read-
ability we postpone this discussion to section 3.4. The solution we find for general relativity is

therefore a special case of our most general ansatz in which we have set γ
(m,m̄)
ij = 0 for non-zero

m or m̄.
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where

K̂
(n)
ijz =

∑
(m,m̄)6=(0,0)

zm(n−1)z̄m̄(n−1)K
(m,m̄)
ijz + . . .

Â
(n)
izz =

∑
(m,m̄)6=(0,0)

zm(n−1)z̄m̄(n−1)A
(m,m̄)
izz + . . .

Â
(n)
izz̄ =

∑
(m,m̄)≥(0,0)

zm(n−1)z̄m̄(n−1)A
(m,m̄)
izz̄ + . . .

L̂
(n)
abz =

∑
(m,m̄)6=(0,0)

zm(n−1)z̄m̄(n−1)L
(m,m̄)
abz + . . . . (3.22)

Here dots denote terms that become O(|z|) as n → 1 and the coefficients in the

expansions may depend on the σi. The remaining metric functions are given by

reality conditions. Reality also implies

K
(m,m̄)
ijz̄ = K̄

(m̄,m)
ijz , A

(m,m̄)
iz̄z̄ = Ā

(m̄,m)
izz , A

(m,m̄)
izz̄ = Ā

(m̄,m)
iz̄z ,

L
(m,m̄)
z̄z̄z̄ = L̄(m̄,m)

zzz , L
(m,m̄)
zzz̄ = L̄

(m̄,m)
z̄z̄z , L

(m,m̄)
zz̄z̄ = L̄

(m̄,m)
zz̄z . (3.23)

We generally use an overbar as shorthand for complex conjugation—except for m

and m̄ which are independent non-negative integers.

The boundary condition (3.21) is explicitly regular at integer n and only con-

tains first powers of (n − 1). In (3.22) we explicitly wrote out the leading order

terms in a power series about z = 0. More precisely, we collected all terms that

contribute to potential divergences in the field equations at the same rate as the

singularities allowed by (3.18). Note that the limits in the sums in (3.22) exclude

terms that would break replica symmetry completely, as K
(0,0)
ijz . This would be

an extrinsic curvature of Σn at all integer n, and therefore would not preserve
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any subsymmetry. Said differently, for any integer n this term would be invariant

under z → z ei 2π/p only for p = 1. Aside from breaking replica symmetry, the

main technical innovation of (3.21) is that we have analytically continued terms

which can be gauged away when n = 1: Labc, Aizz and the real part of Aizz̄. This

provides us with greater freedom to solve the equations of motion without over

constraining the location of the surface Σ.

Note that of the terms appearing in (3.22), only the following preserve replica

symmetry

K
(k+1,k)
ijz , A

(k,k)
izz̄ , A

(k+2,k)
izz , L

(k+1,k)
zz̄z , L(k+3,k)

zzz , L
(k+1,k)
zzz̄ ,

(3.24)

(and their complex conjugates) for any integer k. In other words, a solution that

contains only these terms will be invariant under τ → τ+2π when n is an integer.

All of these terms are therefore allowed when assuming replica symmetry, and we

can see their inclusion as a natural generalization of the ansatz in (3.18).

Following [21] we will solve the field equations to leading order in (n − 1).

However, before doing so we must specify how we will handle the factors of

zm(n−1)z̄m̄(n−1) appearing in (3.22). Our prescription will be to preserve the struc-

ture of our expansion when solving the equations of motion. For example we

maintain

zn−1 6∼ 1 +O(n− 1) , (3.25)
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as well as

(n− 1)

z
(zn−1 − z̄n−1) 6∼ O(n− 1)2 , (3.26)

even at leading order in (n− 1). Keeping this structure gives us well constrained

equations of motion that fix all of the terms in the power series (3.22). Less

restrictive conditions either give ambiguous results for the equation of motion of

Σ or allow seemingly unphysical cancellations between terms which have different

angular dependence at finite (n− 1).7

Inserting the power series (3.22) into the field equations will give us a set of

constraints on the metric components. We derive these constraints for general

relativity below.

3.3.2 Deriving the extremal area condition

In this section we derive the extremal area condition Ka = 0 for Einstein

gravity using our ansatz (3.21). Here Kija is the extrinsic curvature of Σ and

Ka = γijKija is its trace. Because one of our main results pertains to perturbative

Einstein–Gauss–Bonnet, many of the expressions in this section will be used again

in section 3.4.

Divergences only arise in the curvature of (3.21) after taking two transverse

7Note that (3.26) would be natural if we complexified the manifold and thought of z, z̄ as
independent coordinates, though we know of no natural reason to do so.
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derivatives of the metric. Thus we may write the Ricci tensor as

Rij = −2∂∂̄gij + . . .

Rzz = −1

2
gij∂∂gij + . . .

Riz = ∂∂giz̄ − ∂∂̄giz + . . .

Rzz̄ = −1

2
gij∂∂̄gij + ∂∂gz̄z̄ + ∂̄∂̄gzz − 2∂∂̄gzz̄ + . . . , (3.27)

where ∂ = ∂z, ∂̄ = ∂z̄, and . . . denote finite terms as z → 0. Inserting the power

series expansion (3.22) into (3.27) gives a general expression that is conveniently

expressed as

Rµν =
∑
m,m̄≥0

R(m,m̄)
µν zm(n−1)z̄m(n−1) , (3.28)

with the following structure of divergences at the origin

R
(m,m̄)
ij = −4(n− 1)

(m̄
z̄
K

(m,m̄)
ijz +

m

z
K

(m,m̄)
ijz̄

)
(3.29a)

R(m,m̄)
zz = −(n− 1)

(m
z
K(m,m̄)
z − mz̄

z2
K

(m,m̄)
z̄

)
(3.29b)

R
(m,m̄)
iz = −(n− 1)

(m̄
z̄
A

(m,m̄)
izz − m

z
(A

(m,m̄)
iz̄z − A(m,m̄)

izz̄ ) +
mz̄

z2
A

(m,m̄)
iz̄z̄

)
(3.29c)

R
(m,m̄)
zz̄ =

γijR
(m,m̄)
ij

4
− (n− 1)

[
−m
z
L

(m,m̄)
z̄z̄z +

2m̄

z̄
L

(m,m̄)
zz̄z +

m̄z

z̄2
L(m,m̄)
zzz + c.c.

]
,

(3.29d)

whereK
(m,m̄)
z = γijK

(m,m̄)
ijz , and we left implicit components that follow by complex

conjugation. The field equations demand that all of the terms in (3.29) vanish.
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The constraints from (3.29a) and (3.29b) are

K(m,m̄)
z = 0, K

(m,m̄ 6=0)
ijz = 0 . (3.30)

Note that the K
(m,0)
ijz , including the leading order replica symmetric term K

(1,0)
ijz ,

must be traceless but are otherwise unconstrained. Next, (3.29c) requires that

A
(m,m̄ 6=0)
izz = 0, A

(m 6=0,m̄)
izz̄ = A

(m 6=0,m̄)
iz̄z . (3.31)

Here we find that the terms A
(m,0)
izz and A

(0,m̄)
izz̄ are completely unrestrained. Fi-

nally (3.29d) and (3.30) imply that

L
(m6=0,m̄)
z̄z̄z = 0, L

(m,m̄ 6=0)
zz̄z = 0, L(m,m̄6=0)

zzz = 0 , (3.32)

which means that L
(m,0)
zz̄z and L

(m,0)
zzz are unrestricted. Note that the constraints (3.30), (3.31),

and (3.32) do not single out replica symmetric terms in any obvious way (see (3.24)).

Now that we have solved the field equations in terms of K̂
(n)
ijz , Â

(n)
izz , Â

(n)
izz̄ and

L̂
(n)
abz, we take n→ 1 and interpret K̂

(1)
ijz , Â

(1)
izz, Â

(1)
izz̄ and L̂

(1)
abz as metric functions of

g(1). This gives

K̂
(1)
ijz =

∑
(m,m̄)6=(0,0)

K
(m,m̄)
ijz z

Â
(1)
izz =

∑
(m,m̄) 6=(0,0)

A
(m,m̄)
izz z, Â

(1)
izz̄ =

∑
(m,m̄)≥(0,0)

A
(m,m̄)
izz̄ z̄

L̂
(1)
abz =

∑
(m,m̄)6=(0,0)

L
(m,m̄)
abz z, L̂

(1)
abz̄ =

∑
(m,m̄)6=(0,0)

L
(m,m̄)
abz̄ z̄ . (3.33)
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Applying the constraints (3.31) and (3.32) we see that Â
(1)
izz, Â

(1)
izz̄ and L̂

(1)
zz̄z, L̂

(1)
zzz

are unrestricted by the equations of motion. This follows immediately form the

fact that A
(m,0)
izz , A

(0,0)
izz̄ , L

(0,m̄)
z̄z̄z , L

(m,0)
zz̄z , L

(m,0)
zzz are all free of constraints. Similarly

K̂
(1)
ijz is only required to satisfy K̂

(1)
z = 0. The form of our ansatz dictates that

Ka = K̂
(1)
a , therefore we have

Ka = 0 , (3.34)

as predicted by the Ryu–Takayanagi formula (3.2).

3.4 Generalized entropy for Einstein–Gauss–Bonnet

Gravity

We now compute the correction to the construction in the previous section

under the addition of a perturbative Gauss–Bonnet coupling λ in the gravitational

equations of motion. As explained in the introduction, we choose Gauss–Bonnet

corrections for technical convenience and regard (3.4) as a toy model for stringy

α′ corrections.

We take the Lewkowycz–Maldacena replica symmetric solution (3.18) to be

the zeroth order term in a λ expansion. To first order, there is the same possibil-

ity of breaking replica symmetry that we found in the previous section. The key

ingredient for this derivation is the same as in general relativity, namely demand-

ing absence of singularities in the gravitational field equations to linear order in

(n− 1).
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3.4.1 Linearized Einstein–Gauss–Bonnet gravity

The field equations derived from the action (3.4) read

Rµν − λHµν = (finite) , (3.35)

where the right hand side is constructed from the matter stress tensor, which is

assumed to be finite, and Hµν is defined as

Hµν = −2Rµ
ρσξRνρσξ + 4RρσRρµσν + 4Rµ

ρRνρ − 2RRµν

+
1

D − 2
gµν(RµνρσR

µνρσ − 4RµνR
µν +R2) . (3.36)

The fact that Hµν does not contain derivatives of the Riemann tensor is the

technical reason why we choose to study this and not any other correction to

general relativity.

We now expand the metric in powers of λ as

g(n)
µν = g̃(n)

µν + λ δg(n)
µν +O(λ2), (3.37)

where the first term g̃
(n)
µν is the replica symmetry preserving solution of Lewkowycz

and Maldacena (3.18).

We must now solve

Rµν [δg
(n)] = Hµν [g̃

(n)]. (3.38)

To compute Hµν [g̃
(n)] we need to know the Riemann tensor of g̃(n). Expanding
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the metric at one order higher than in (3.18) we obtain

g̃(n)
µν dy

µdyν =
(
γ̃ij +

[
2K̃ijzz

n + Q̃ijzzz
2n + Q̃ijzz̄zz̄ + c.c.

])
dσidσj + 2Ãizz̄(z̄dz − zdz̄) dσi

−4

3

[
R̃izzz̄z

n − c.c.
]

(z̄dz − zdz̄)dσi +

(
dz dz̄ − 1

3
R̃zz̄zz̄(z̄dz − zdz̄)2

)
+ . . . .

(3.39)

Here the dots stand for terms that become O(|z|3) when n → 1, and c.c. stands

for complex conjugation. We introduced the object Q̃,8 with properties Q̃ijab =

Q̃ijba = Q̃jiab. The metric (3.39) is explicitly replica symmetric and regular at

integer n ≥ 1.

To leading order in (n − 1), the components of the Riemann tensor of (3.39)

are9

Rij
kl = R̃ij

kl − 4(zz̄)n−1K̃i
[k
zK̃

l]
jz̄ − 4(zz̄)n−1K̃i

[k
z̄K̃

l]
jz

Rijk
z̄ = zn−1R̃ijk

z̄ = 2zn−1
(
∇̃[iK̃j]k

z̄ + Ã[i
z̄zK̃j]kz

)
Rij

zz̄ = F̃ij
zz̄ − 2(zz̄)n−1K̃[i

kzK̃j]k
z̄

Ri
z
j
z̄ =

1

2
F̃ij

zz̄ − 1

2
Ãi

zz̄Ãj
zz̄ − Q̃ij

zz̄ + (zz̄)n−1K̃i
kz̄K̃jk

z

Rizjz = −n− 1

z
K̃ijzz

n−1 + z2(n−1)K̃i
k
zK̃jkz − z2(n−1)Q̃ijzz

Rizzz̄ = zn−1R̃izzz̄

Rzz̄zz̄ = R̃zz̄zz̄ . (3.40)

The remaining components are related to those above by complex conjugation

8In [104] Q is called K̇.
9In this expansion we only keep the terms that are either finite as n→ 1 or proportional to

(n− 1) but divergent as |z| → 0.
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and symmetries of the indices. We defined F̃ijzz̄ = −F̃ijz̄z ≡ ∂iÃjzz̄ − ∂jÃizz̄,

which is purely imaginary. R̃ijkl is the curvature of the metric γ̃ij on Σn, with

covariant derivative ∇̃i. Some of the equations (3.40) become familiar Gauss-

Codacci relations for Σ upon taking the limit n→ 1.

We are now ready to write the source term Hµν [g̃
(n)]. In the series expansion

Hµν =
∑
m,m̄≥0

H(m,m̄)
µν zm(n−1)z̄m̄(n−1) (3.41)

the singular terms in Hµν are given by

H
(2,1)
ij = 4

(n− 1)

z̄

(
K̃ikz̄R̃j

z̄kz̄ + K̃jkz̄R̃i
z̄kz̄ − K̃ijzR̃k

z̄kz̄
)
− 8

(n− 1)

z̄

K̃klz̄R̃
kz̄lz̄

D − 2
γ̃ij

(3.42a)

H(1,0)
zz = −4

(n− 1)

z
K̃ijzR̃ikj

k (3.42b)

H(2,1)
zz = −8

(n− 1)

z
K̃ijz

(
K̃i

kzK̃
jk
z̄ + K̃j

kzK̃
ik
z̄

)
(3.42c)

H
(2,1)
zz̄ = 2

(n− 1)

z̄

D − 4

D − 2
K̃ijz̄R̃

iz̄jz̄ (3.42d)

H
(1,1)
iz = 4

(n− 1)

z
(K̃ijzR̃k

jkz − K̃jkzR̃i
jkz) , (3.42e)

where we defined R̃i
z̄
k
z̄ = 4 limn→1Rizkz. There are several things to note about

these sources. First, we have collected only terms linear in (n − 1), as this is

the only dependence on which we have control. Said differently, we obtained Hµν

by squaring the Riemann tensor of the Lewkowycz–Maldacena solution (3.18).

However, we only calculated the Riemann to leading order in (n − 1), so it does

not obviously make sense to include (n− 1)2 terms (3.42).

Note also that, as emphasized in the introduction, Hµν generically diverges in
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all components, in contrast to the divergence in the Lewkowycz–Maldacena Ricci

tensor coming from (3.19), which diverges only in the zz (and z̄z̄) components.

This immediately implies that to cancel all divergences in the Einstein–Gauss–

Bonnet equations of motion we need more ingredients than the ones we used in

section 3.2.

Finally, note also that now there is more structure in the potential divergences

of the equations of motion. Namely, the divergence in the Hzz component has two

sources, H
(1,0)
zz and H

(2,1)
zz , as observed in [108, 103]. We will demand that these

terms cancel separately as explained at the end of section 3.3.1.

3.4.2 Solving the field equations

We now solve the perturbative field equations (3.38). It is necessary to start

by further generalizing the boundary condition (3.21) by allowing the induced

metric δγij in δg(n) to take the form

δγij →
∑
m,m̄≥0

δγ
(m,m̄)
ij zm(n−1)z̄m̄(n−1) . (3.43)

These new terms preserve replica symmetry when m = m̄. They are built with the

first power of (n−1), and are explicitly regular at integer n, so they are naturally

allowed by the requirements of sec. 3.3 (see footnote 6 above).

Besides naturalness, there are two main uses of the generalization (3.43). First,

these terms are needed to solve the equations of motion as we will see shortly.

Second, the field equations suggest that terms like those in (3.43) might be natural

beyond first order in (n−1). This is because Hµν contains Riemann squared terms
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which include the square of (3.19). Therefore Hµν diverges like (n − 1)2z−2 and

beyond leading order in (n−1) so must Rµν [δg]. The addition of the γ
(m,m̄)
ij allows

for precisely these divergences.

With the addition of these new terms, (3.29) is modified as follows10

R
(m,m̄)
ij =− (n− 1)

z
4m
(
δK

(m,m̄)
ijz̄ − δγ(m,m̄−1)

k(i K̃k
j)z̄

)
− (n− 1)

z̄
4 m̄

(
δK

(m,m̄)
ijz − δγ(m−1,m̄)

k(i K̃k
j)z

)
(3.44a)

R(m,m̄)
zz =

(n− 1)

2z2
m γ̃ijδγ

(m,m̄)
ij − (n− 1)

z

(
mδK(m,m̄)

z − δγ(m−1,m̄)
ij K̃ij

z

)
+

(n− 1)z̄

z2
m
(
δK

(m,m̄)
z̄ − δγ(m,m̄−1)

ij K̃ij
z̄

)
(3.44b)

R
(m,m̄)
iz =

(n− 1)

z
m

[
1

2

(
∇̃jδγ

(m,m̄)
ji + 2Ãjzz̄δγ

(m,m̄)
ij

)
−
(
δA

(m,m̄)
izz̄ − δA(m,m̄)

iz̄z

)]
− (n− 1)

z̄
m̄ δA

(m,m̄)
izz − (n− 1)z̄

z2
mδA

(m,m̄)
iz̄z̄ (3.44c)

R
(m,m̄)
zz̄ =− (n− 1)

z

(
mδK

(m,m̄)
z̄ − 1

2
δγ

(m,m̄−1)
ij K̃ij

z̄

)
− (n− 1)

z̄

(
m̄ δK(m,m̄)

z − 1

2
δγ

(m−1,m̄)
ij K̃ij

z

)
+ δL

(3.44d)

where we used the condition m γ̃ijδγ
(m,m̄)
ij = 0 to simplify some of the above

expressions. This follows from the cancellation of the only 1/z2 divergence, in

(3.44b). We also used that in the Lewkowycz–Maldacena solution L̃abc = 0,

Ãizz = Ãiz̄z̄ = 0, Ãizz̄ = −Ãiz̄z and K̃z = 0. The term δL in (3.44d) means

10The aesthetic reason for not including the δγ
(m,m̄)
ij in sec. 3.3 was that δγ·K terms generically

appear in the rhs of eqs. (3.29) inside a convolution sum (and so do δγ · A, δγ · L and δγ · γ).
There is only one such term in (3.44) because we are perturbing (3.18), for which the convolution

collapses: of all the K̃
(m,m̄)
ijz only K̃

(1,0)
ijz are non-zero, etc.
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substituting the L terms of (3.29d) with L→ δL.

Now we solve the field equation (3.38). Starting with the ‘zz’ component we

find that the cancelation of the 1/z divergence in the (1, 0) term requires

δK(1,0)
z − δγ(0,0)

ij K̃ij
z = 4R̃ijK̃ijz , (3.45)

and the one in the (2, 1) term requires

2δK(2,1)
z − δγ(1,1)

ij K̃ij
z = 8K̃ijz

(
K̃i

kzK̃
jk
z̄ + K̃j

kzK̃
ik
z̄

)
. (3.46)

For all other values of (m, m̄) the cancellation of this divergence gives

mδK(m,m̄)
z − δγ(m−1,m̄)

ij K̃ij
z = 0 , (3.47)

while the z̄/z2 divergence implies

δK(m,m̄6=0)
z − δγ(m−1,m̄ 6=0)

ij K̃ij
z = 0 . (3.48)

Note that eqs. (3.47) and (3.48) are compatible and imply that, except for the

(2, 1) component, δK
(m,m̄6=0)
z = 0 and δγ

(m−1,m̄ 6=0)
ij K̃ij

z = 0.

For terms with m̄ = 0, canceling the 1/z̄ divergence of the ‘zz̄’ component

demands

δγ
(m,0)
ij K̃ij

z = 0 . (3.49)
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Combining this relation with (3.47) gives

δK(m,0)
z = 0 . (3.50)

Combining (3.45) and (3.48)-(3.50) gives

δK(m+1,m̄)
z − δγ(m,m̄)

ij K̃ij
z = (4R̃ijK̃ijz)δ

m,0δm̄,0 . (3.51)

Next, the 1/z̄ divergence in the ‘ij’ equation requires that

−4(n− 1)

z̄

(
δK

(2,1)
ijz − δγ(1,1)

k(i K̃
k
j)z

)
= H

(2,1)
ij , (3.52)

which determines δK
(2,1)
ijz in terms of δγ

(1,1)
k(i K̃

k
j)z. Note that the trace of (3.52)

would be inconsistent with (3.48) if not for the fact that γ̃ijH
(2,1)
ij = 0, which can

easily be seen from (3.42a).

The ‘iz’ equation can be solved with a δA
(1,1)
izz̄ = −δA(1,1)

iz̄z term. The results

above imply that δK
(m,m̄)
z and δγ

(m,m̄)
ij drop from the ‘zz̄’ equation, that can be

solved by δL
(2,1)
zz̄z or δL

(2,1)
zzz̄ and their complex conjugates. These are all replica

symmetric. The explicit expressions are messy and unilluminating.

We thus arrive at one of our main results, which is the explicit cancellation of

all the divergences in the equations of motion of Einstein-Gauss-Bonnet. Again

we find that replica symmetry breaking terms can be chosen to vanish, but that

this choice is not mandatory.
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It is now a simple matter to extract the equation of motion for the surface:

γijKijz = (γ̃ij − λδγij)(K̃ijz + λδK̂
(1)
ijz )

= λ
∑
m,m̄≥0

(
δK(m+1,m̄)

z − δγ(m,m̄)
ij K̃ij

z

)
+O(λ2)

= 4λR̃ijK̃ijz +O(λ2) , (3.53)

where we have used (3.51) to get the third line. Notice that many replica symmetry

breaking terms were allowed to enter in δg(n), but they all canceled in the equation

of motion. Also, the twist potential Aizz̄ = Â
(1)
izz̄ is free, as δA

(0,0)
izz̄ = −δA(0,0)

iz̄z is

unconstrained. Therefore, (3.53) is the only physical constraint on Σ.

Comparing this result with (3.6), we see that we have reproduced the equation

of motion conjectured by [117, 118], which means that Σ extremizes the Jacobson–

Myers entropy.

3.5 Discussion

In this paper we explored a number of technical and conceptual generalizations

of the Lewkowycz–Maldacena methodology. One key technical insight is that

terms which can be gauged away at n = 1 can contribute divergences to the

curvature at leading order in (n − 1). We found that these terms are harmless

in general relativity but crucial for solving the field equations in Einstein–Gauss–

Bonnet gravity (and presumably all higher curvature theories). We also explained

how the “locally replica symmetric” boundary condition (3.21) could take the

place of a global Zn replica symmetry. This conceptual generalization allowed us
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to extend our ansatz to include replica symmetry breaking terms. This approach

has lead us to a set of well defined calculations which allow us to derive the

condition that Σ extremize the entropy in general relativity and Einstein–Gauss–

Bonnet gravity.

Our calculations in section 3.4 complete the proof started in [108, 103, 109]

that the surfaces on which one should evaluate the entropy are those extremizing

the Jacobson–Myers entropy functional, at least when the Gauss–Bonnet coupling

is perturbative. We expect the method to work similarly in general Lovelock grav-

ity. Presumably the arguments can be made non-linear in the Lovelock coupling,

although such extensions of general relativity seem to always suffer from patholo-

gies, see e.g. [115].

We have also shown that there are no obvious obstructions to relaxing the

assumption of replica symmetry in Lewkowycz and Maldacena’s derivation of the

extremal area condition for general relativity. We have not addressed the pressing

question of whether replica symmetry is actually broken, that we intend to do

elsewhere. Deciding if this is the case involves finding whether replica breaking

saddles dominate the path integral.

Replica symmetry breaking saddles that could dominate the holographic cal-

culation of entanglement entropy were discussed in [122], which studied three

dimensional general relativity in the context of AdS3/CFT2. The possibility of

replica symmetry breaking was also discussed in [21]. Other interesting features

of the Rényi entropies were considered by the authors of [123], who described

non-analytic behavior of Sn away from n ∼ 1 by means of an instability of the

hyperbolic black hole [124] of [101].
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Replica symmetry breaking is used in condensed matter to describe spin glasses,

which are frustrated systems (see [125] for a review). In these systems, frus-

tration is generated by disorder originating in random impurities. It is an ex-

citing prospect that such a dual realization of frustration may be encoded in

gravity. In fact, glassy behavior has been observed in gravitational systems

in [126, 127, 128, 129] and disorder has been studied in AdS/CMT in, e.g.,

[130, 131, 132, 133].
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A holographic proof of the

averaged null energy condition

4.1 Introduction

It has long been known [134] that local quantum field theories allow negative

energy fluctuations. The presence of negative energy is somewhat constrained in

theories with a positive total energy; however positivity does not place any obvious

restriction on the integrated local energy measured by a single causal observer,

and therefore is insufficient to answer many interesting questions. Among these

are the possible existence of warp drives, traversable wormholes, and other exotic

phenomena (see e.g. [135, 136, 137, 138, 139, 140, 141]) as well as the fate of the

singularity theorems of Hawking and Penrose [142, 143, 144].

To gain traction on these questions it is necessary to study operators that are

better suited to capture the experience of physical observers. One such operator is
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the averaged null energy, which is defined as the integral of the null-null component

of the stress tensor along a null geodesic which is complete in both directions. The

positivity of this quantity is called the averaged null energy condition (ANEC):

∫
γ(λ)

dλTkk ≥ 0. (4.1)

Here γ(λ) is a complete null geodesic with affine parameter λ and associated

tangent vector k, Tab is the stress tensor, and Tkk := 〈Tab〉 kakb.

The ANEC was first studied in a purely classical setting by Borde [145], who

showed that standard focusing theorems (see [146]) continue to hold when point-

wise energy conditions (such as the null energy condition Tkk ≥ 0) are replaced by

integrated energy conditions similar to (4.1).1 Borde’s theorems are sufficiently

powerful to prove many other results in general relativity including a positive en-

ergy theorem [148], topological censorship [149], and the Gao-Wald theorem [91]

(which we review below). Progress has also been made in proving singularity

theorems with weakened energy conditions [150, 151, 152], though this program

remains unfinished. Some recent reviews of energy conditions are [153, 154]).

The above results establish that the ANEC is a useful restriction to place on

the stress tensor. It remains to be seen if the ANEC holds for physically interesting

field theories. Existing results establish that the ANEC holds in Minkowski space

for free scalar fields [155, 156], Maxwell fields [157], and arbitrary two dimensional

theories with positive energy and a mass gap [158]. One can also use a null surface

initial data formulation to show that all free or superrenormalizable theories obey

the ANEC in Minkowski space, or on bifurcate Killing horizons [159].

1See also the earlier work of Tipler [147] on the averaged strong and weak energy conditions.
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For two dimensional curved spacetimes, one can also prove the ANEC for mini-

mally scalar fields [160, 161, 162], at least if space is noncompact. Otherwise there

is a Casimir energy which allows for ANEC violation in the vacuum, but there is

still an ANEC-like bound for energy differences [156]. Many other investigations

have provided additional support for the ANEC [163, 164, 165, 166], including

the work of Blanco and Casini [167] which gives a simple argument showing that

negative energy cannot be isolated far away from positive energy in a CFT.

For curved spacetimes with dimension greater than two it is known that the

ANEC does not hold on every null curve [168, 169, 170]. However, Graham

and Olum have proposed a weaker condition which they call the ‘self-consistent

achronal ANEC’ [171] (see also [172]) which weakens (4.1) in two ways. First, (4.1)

is only required to hold only on complete achronal geodesics, i.e. on null curves

for which no two points are timelike separated. Such curves are often called ‘null

lines’ in the literature. Second, the ANEC is only imposed on self-consistent

spacetimes for which the gravitational field is sourced by the quantum fields, as

well as any additional classical background sources.2 As pointed out in [171],

generic spacetimes satisfying the self-consistent achronal ANEC will not have any

achronal null lines. But this fact, far from rendering the achronal ANEC triv-

ial, has profound consequences, ruling out closed timelike curves and traversable

wormholes [171, 173], and also negative energy objects [148].

But is the self-consistent achronal ANEC true? So far, Kontou and Olum have

also shown that the self-consistent achronal ANEC is satisfied for a minimally

coupled free scalar field on a class of curved spacetimes [174]. At first order in

2Without this latter restriction there are known violations of the ‘achronal ANEC’ [169, 170].
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quantum corrections, it also follows if the generalized second law holds on all

causal horizons [175].

4.2 The ANEC in holographic theories

In this paper we use the AdS/CFT correspondence [1, 2, 3] to prove the ANEC

for strongly coupled conformal field theories in d ≥ 2 spacetime dimensions with

a consistent holographic dual.3 We will consider source-free CFT’s in Minkowski

space—where all null curves are achronal, and it is neither necessary nor possible

to impose gravitational self-consistency.

Unfortunately, it is not currently possible to enumerate all field theories which

satisfy the condition of having a consistent holographic dual. What is known is

that AdS/CFT requires a strongly coupled field theory with a large number of

species N , and several examples of the dual field theories have been worked out in

great detail, most famously N = 4 supersymmetric Yang-Mills in four spacetime

dimensions. It has also been conjectured that any strongly coupled CFT with a

large-N expansion and a gap in the spectrum of anomalous dimensions has an

AdS dual with local dynamics [176]. We will work in the large N , strong coupling

limit in which the dual theory is well approximated by general relativity. Note

that this limit is distinct from taking the classical limit of the field theory.

The overall strategy of our proof is to assume our theory has nice causal

properties and use these properties to derive constraints on the stress tensor. Our

3For d = 2 the ANEC follows from an even more general argument. In 1+1 CFT’s the right
and left moving sectors decouple and scale invariance implies that the total energy is positive if
and only if the left and right Hamiltonians are separately positive—which is equivalent to the
ANEC.
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approach is similar in spirit to that of Page et al. [177], who proved a positive mass

theorem for asymptotically AdS spacetimes with consistent holographic duals.

Their proof is similar to the proofs found in [148, 178] except that Page et al.

assume their holographic theory has nice causal properties instead of assuming

that the bulk spacetime satisfies an energy condition.

Several other researchers have also studied the interplay between bulk causality

and various CFT bounds [179, 180, 181, 182, 183, 184, 185, 186, 187, 115]. In [179,

180], Brigante et al. studied the famous viscosity to entropy density ratio η/s

for conformal fluids with a Gauss-Bonnet gravity dual. They were able to use

causality constraints to place bounds on both the strength of the Gauss-Bonnet

coupling and on the ratio η/s. These techniques were later generalized and applied

to more general Lovelock theories by Camanho et al. in [187].

In [181], Hofman and Maldecena derived upper and lower bounds on the ratio

of the central charges a/c in a four dimensional CFT. These bounds are shown to

follow from positivity of the energy radiated by collider experiments as measured

by distant observers [181] (which is equivalent to the ANEC [182]). Assuming

that the dual bulk is described by an Einstein–Gauss–Bonnet gravity theory, the

same lower bound on a/c follows [182] from the assumption that the dual gravita-

tional Lovelock theories satisfies the causality constraint found in [179, 180]. This

analysis was extended to Lovelock gravity by the authors of [183, 184, 185, 186]

who also found precise matching between positive energy flux in the boundary

and good causal properties in the bulk. Additionally, Hofman [182] gave a non-

rigorous argument that the ANEC should hold in any UV-complete QFT, but

this was subject to some unproven assumptions about nonlocal operators in the
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theory. Even if there did exist a totally satisfactory field-theoretic proof of the

ANEC, it would still be a nontrivial test of AdS/CFT to prove the same result

using the duality.

We assume that our theory has good causality properties, in order to prove

the ANEC. This gives a partial converse to [181], which assumed the ANEC in

order to prove that a/c lies in the coupling window that permits good causality.

In the Einstein gravity limit (which in d = 4 implies a/c = 1), our assumption of

good causality is the Gao-Wald theorem, reviewed below.

It is natural to assume the gravity theory is Einstein in light of the recent

result of Camanho et al. [115], who used causality to place a much tighter bound

on higher derivative corrections to the bulk equations of motion. They argue that

any finite deviation from Einstein gravity in the bulk at level of the three-point

functions (which in d = 4 is equivalent to a deviation from a/c = 1) is inconsistent

with boundary causality unless the theory contains an infinite tower of massive

higher spin particles (as in string theory). For this reason we will work in the large

N , strong coupling limit in which these corrections can be neglected. It would be

of interest to extend our analysis to leading order in these corrections.

We now briefly review the elements of the AdS/CFT correspondence that will

be used in our proof. Consider a d-dimensional conformal field theory (hereafter

called the “boundary theory”) living on Minkowski space, with metric ηab. The

AdS/CFT correspondence states that this theory has a dual description in terms

of a d + 1 dimensional gravitational theory (the “bulk” theory) with a metric of
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the form

ds2 =
R2

AdS

z2

(
dz2 + gab(z, x)dxadxb

)
, (4.2)

where RAdS is the AdS length scale and gab(0, x) = ηab. Close to the conformal

boundary z = 0, the Einstein equation dictates that gab take the form

gab(z, x) = ηab + zdγab(z, x) , γab(z, x) = tab(x) + z2sab(z, x) (4.3)

where tab is a traceless, conserved tensor that is otherwise unconstrained by the

equations of motion and sab is regular at z = 0. The AdS/CFT dictionary [2, 3]

states that the expectation value of the stress tensor of the boundary theory is

given by

〈Tab〉 =
dRd−1

AdS

16πG
tab, (4.4)

whereG is the d+1 dimensional Newton’s constant. From here on we setRAdS = 1;

powers of RAdS can be restored by dimensional analysis. In writing down (4.3)

and (4.4) we have used our restriction that all boundary sources have been turned

off. In the bulk, this amounts to requiring that any bulk matter fields fall of fast

enough at conformal infinity that they do not play a direct role in our analysis.

In order for the boundary theory to be local there can be no “shortcuts through

the bulk” which would effectively allow signals to propagate faster than light (see

Fig. 4.1(a)). This principle is encapsulated by the Gao-Wald theorem (Theorem 2

of [91]), which states that the fastest possible path between two boundary points is
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a null geodesic on the boundary. The Gao-Wald theorem was proven for Einstein

gravity whenever the bulk stress tensor T bulk
µν satisfies the ANEC and the bulk is

a generic, asymptotically locally AdS spacetime. For our purposes it is natural

to take the conclusion of the Gao-Wald theorem to be part of the definition of

a consistent holographic theory. After all, if the bulk dual permitted signaling

through the bulk faster than the speed of light on the boundary, it would imply

that the dual CFT permits acausal signaling (see e.g. [188]). Alternatively, we

could assume that our classical bulk geometry satisfies the assumptions of the

Gao-Wald and invoke the theorem.

4.3 Proving the holographic ANEC

Finally our proof requires two formal assumptions about Tkk, namely that

|Tkk| is bounded (|Tkk| < Tmax) and that Tkk and its derivatives are absolutely

convergent on γ(λ) (i.e. that
∫
γ
|Tkk|,

∫
γ
|∂Tkk|,

∫
γ
|∂2Tkk|, . . . are finite). This

allows us to define the integral (4.1) as a limit of integrals over finite intervals.

It is likely that these assumptions could be weakened by using the more general

formulation of the ANEC in e.g. [145, 161].

We are now ready to begin our proof. Consider null coordinates on the bound-

ary spacetime

ηab dx
a dxb = −(du dv + dv du) + d~y 2 (4.5)

where d~y 2 is the Euclidean line element over the remaining d−2 spatial directions.

Note that u is an affine parameter for the geodesic v = (constant), ~y = (constant).
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z =
0

u = −L

u = L

z
=

0

(a) (b)

4

Figure 4.1: (a) Two curves which begin and end on the conformal boundary
but which dip into the bulk. The assumption of good causality requires that
the curve which ends outside of the boundary light cone (dashed line) cannot
be causal. (b) Schematic of the construction used in our proof. The solid line
is the conformal boundary z = 0 and the dashed lines represent causal curves
extending into the bulk. The v direction has been suppressed in this diagram.

We assume that all components of the bulk metric are smooth and bounded in

these coordinates.

The strategy of our proof is to construct a causal curve which dips into the

bulk, but has both endpoints anchored to the boundary. We will engineer this

curve to remain close to the boundary and calculate the time delay or advance

relative to a nearby boundary null geodesic (see Fig. 4.1(b)). We will find a

positive “kinetic” contribution to the time delay coming from the radial motion of

the curve into the bulk, and a second “potential” contribution whose sign is that of

tuu, and therefore may be either a delay or advance. We will carefully construct our

curve so that the latter contribution dominates. Our causal assumption requires

that the net time delay of the entire excursion must be positive; we will show that

this restriction implies (4.1).
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We parameterize our curve by the coordinate u so that v = V (u) and z = Z(u).

Without loss of generality we set ~y = 0. This curve will be causal if V, Z satisfy

(Z ′)2 − 2V ′ + Zd
(
γuu + γuv V

′ + γvv (V ′)2
)
≤ 0, (4.6)

where primes indicate u-derivatives.

We now construct a curve satisfying (4.6). Consider the interval u ∈ [−L,L]

for some L which we will ultimately take to be arbitrarily large. It is useful to

introduce a small parameter ε, which parameterizes how deep into the bulk our

curve reaches. We need to take an ε → 0 limit in order to relate our results to

tuu using (4.3), but in this limit any time advance due to tuu is swamped by the

time-delay due to veering into the bulk. Thus in order to prove an interesting

result it is necessary to take a simultaneous limit in which L becomes large as ε

becomes small. This is why good causality implies the ANEC but not the null

energy condition Tuu ≥ 0. It turns out to be convenient to set

L = ε−(d−2+2α) , (4.7)

where α is a constant satisfying 0 < α < 2/3. We will construct our casual

curve by joining together two smooth causal curves at a sharp angle, one curve

dipping into the bulk and the other coming back to the boundary (Fig. 4.1(b)),
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by choosing V, Z to be given on the interval u ∈ [−L,L] by

Z(u) = ε

(
L− |u|
L

)
V (u) =

1

2

[
ε2−α

L

(
L+ u

L

)
+ εd

∫ u

−L
du′
(
L− |u′|

L

)d
γuu(u

′, 0)

]
, (4.8)

(In the second equation, the first term is the “kinetic” time delay and the second

the “potential” delay.) The appearance of α in the exponent of the first term

represents an extra time delay we have inserted to ensure that (4.6) is satisfied for

sufficiently small ε (keeping α fixed). We have used the fact that tuu is smooth to

power expand:

tuu(u, V (u)) = tuu(u, 0) +O(εd), (4.9)

since V (u) ∼ εd.4

Since the curve (4.8) is causal, our causality assumption requires that the

end points of (4.8) must be causally separated in the boundary spacetime. This

implies that the time delay ∆V := V (L)− V (−L) must be positive. In terms of

the stress tensor (4.4) we then find that for any L

∫ L

−L
dλ fL Tkk ≥ −

(
16πG

dRd−1
AdS

)(
2εα +

∫ L

−L
dλ ε2|skk|

)
, fL(λ) =

(
L− |λ|
L

)d
,

(4.10)

where we have momentarily restored the correct powers of RAdS. Note that 0 ≤
4V (u) ∼ εd because the integral in (4.8) remains finite as L → ∞. This follows from the

arguments given below (4.10).
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fL ≤ 1. We will now show that (4.10) implies the ANEC (4.1).

First, we argue that
∫ L
−L dλ ε

2|skk| vanishes in the limit L → ∞. Expanding

the Einstein equation about z = 0 allows us to write skk as an algebraic (non-

linear) function of tab and its derivatives.5 The contribution to the integrand from

quadratic and higher order terms vanish like εd by power counting. Because we

assume the metric components are bounded, the contribution to the integral from

these terms must scale like εdL = ε2(1−α) which vanishes as we take L→∞. The

terms in skk that are linear in tkk have finite integrals by our assumption that Tkk

and its derivatives are all absolutely convergent, therefore the contribution from

these terms vanishes like ε2. Finally, terms proportional to ηabtab vanish because

tab is traceless. This accounts for all possible contributions to skk, therefore the

right hand side of (4.10) vanishes as L→∞.

For illustrative purposes we now treat the simple case where Tkk is non-negative

outside of some interval λ ∈ [−λ0, λ0]. In this case we may write

∫ L

−L
dλ fL Tkk ≤ −T (λ0)

min

[∫ λ0

−λ0
dλ(1− fL)

]
+

∫ L

−L
dλTkk, (4.11)

where T
(λ0)
min is a lower bound on Tkk in [−λ0, λ0], which must exist by our as-

sumption that |Tkk| is bounded. For fixed λ0 the term in square brackets vanishes

like L−2 as L becomes large. Combining (4.11) and (4.10) and taking L → ∞

yields (4.1).

If the previous assumption doesn’t hold then the integral in (4.1) is oscillatory

5See, for example, Eq. (7) in [52].
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and we must be a little more careful. In this case it is useful to note that

∫ L

−L
dλ fL Tkk ≤

∫ L

−L
dλ(1− fL)|Tkk|+

∫ L

−L
dλTkk. (4.12)

We now must show that the first term on the right hand side of (4.12) vanishes

as L→∞ and (4.1) will follow as before. In other words, we must show that for

any δ > 0 there exists an L such that

∫ L

−L
dλ(1− fL)|Tkk| < δ. (4.13)

By our assumption that Tkk is absolutely convergent, there must exist some λ1

such that

∫ ∞
λ1

dλ |Tkk|+
∫ −λ1
−∞

dλ |Tkk| <
δ

2
. (4.14)

Now for any L > λ1 we have

∫ L

−L
dλ(1− fL)|Tkk| < T (λ1)

max

[∫ λ1

−λ1
dλ(1− fL)

]
+
δ

2
, (4.15)

where T
(λ1)
max is the maximum of |Tkk| in [−λ1, λ1]. As before the term in square

brackets goes like L−2, and therefore there always exists some L satisfying (4.13).

This completes our proof of (4.1).
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4.4 Discussion

We have just given a simple, geometric proof of the ANEC for any field theory

on Minkowski space with a consistent holographic dual. Our proof applies to

strongly coupled CFT’s on Minkowski space, but it would be of interest to extend

our results to curved space as a test of the self-consistent achronal ANEC [171].

On a curved background Eqs. (4.3) and (4.4) contain extra terms that involve the

background metric and curvature as well as any background source terms. These

terms become increasingly complicated as the dimension increases and there is no

known expression for arbitrary dimension. However, all of the curvature terms

needed to analyze d ≤ 6 have been known for some time (see [45])—six dimensions

being the largest dimension with a known AdS/CFT duality [1].

It would also be of interest to extend our arguments to include perturbative

quantum and stringy corrections in the bulk. Because we are proving an inequal-

ity we only need to consider perturbative corrections when the classical inequality

is saturated. Presumably the ANEC can only be saturated in very stringent sit-

uations, but this does not follow from our proof. It may be possible to make

progress on this point by bounding the minimum time delay for a generic space-

time, possibly using techniques adapted from [91, 177].

These results have the potential to lead to new insights about holography in

the spirit of [177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 187, 115]. There are

many unanswered questions about the emergence of causal structure in AdS/CFT,

so understanding the field-theoretic origin of the Gao-Wald theorem—and any

perturbative higher-curvature analogues—will lead to new insights related to this

emergence. It would be of interest to develop a more complete understanding of
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how bulk causality restricts the field theory. Our analysis was restricted to causal

curves which remain close to the boundary, but curves which go deeper into the

bulk place restrictions on the fields in bounded regions, which are nonlinear in the

boundary stress-tensor.
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Chapter 5

Coarse-grained entropy and

causal holographic information

5.1 Introduction

The AdS/CFT correspondence predicts that the effective degrees of freedom

of certain conformal field theories (CFT’s) in the large N limit are the same as the

degrees of freedom of classical supergravity [1, 2, 3]. Despite many nontrivial tests

of the correspondence, the precise way in which local interactions emerge in the

large N limit of strongly coupled CFT’s is not fully understood. What is known is

that locality in the holographic dimension is intimately connected with the locality

of the renormalization group (RG) flow in the CFT [189, 190, 191, 192]. From a

Wilsonian point of view, this suggests that the emergence of locality in the bulk

theory is related to some kind of coarse graining in the CFT.

One technical difficulty with making this idea precise is choosing an appro-
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priate regulator to cut off the high energy modes. This problem is particularly

difficult in the physically correct Lorentz signature. There the elimination of

highly boosted modes normally requires sacrificing either Lorentz invariance (e.g.

with a hard energy cutoff), or else positivity of the inner product (e.g. Pauli-

Villars [193]). On the other hand, the bulk theory is Lorentz-invariant, and pre-

sumably has positive probabilities. Thus, although there is detailed qualitative

agreement between the dependence of fields in the radial direction, and the RG

flow of the field theory, a comprehensive framework relating the two is lacking.

Similar problems arise in the context of thermodynamics. In order to obtain

a nontrivial second law of thermodynamics, one needs to define a coarse-grained

entropy. As with the renormalization group flow, there are multiple possible

coarse graining procedures. Which one you choose affects the exact results for

quantities like the entropy, introducing an element of subjectivity. One hopes

that in the thermodynamic limit, the choice does not matter at leading order.

But gauge/gravity duality suggests that (at least in the large N limit) there may

be a particular coarse graining procedure which has especially nice properties, due

to its relation to bulk locality.

In this chapter we will explore the relation between coarse graining of the

CFT and bulk locality. Rather than focusing on the RG flow, we will study the

localization of information in the CFT by attempting to relate coarse-grained

entropies in regions of the CFT to areas of bulk surfaces.

We take inspiration from the Ryu-Takayanagi conjecture (and its later gener-

alization by Hubeny, Rangamani, and Takayanagi) which relates the fine-grained

von Neumann entropy of a piece of the boundary to the area of minimal or ex-
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tremal/maximin surfaces in the bulk known as the holographic entanglement en-

tropy [19, 20, 194, 195]. This conjecture has been validated in every case in which

we have control over the calculations on both sides of the duality and significant

progress has been made towards a proof [100, 196, 101, 21, 197, 122]. Work has

even begun on explicit constructions of the bulk geometry from the holographic

entanglement entropy of arbitrary boundary regions [198, 199, 200, 201, 22, 202].

Here we will propose a similar conjecture, but using a coarse-grained entropy of

a boundary region, in place of the von Neumann entropy.

More recently Hubeny and Rangamani proposed a new quantity χA which

they called the “causal holographic information” [25, 203, 204]. This quantity is

equal to the area of a co-dimension two surface in the bulk that is defined by

its casual relation to a boundary region A. For a host of reasons Hubeny and

Rangamani conjectured that χ quantifies some aspect of the information content

of the associated boundary domain of dependence.1 We will present evidence that,

for source-free boundary theories, χ is dual to a particular coarse-grained entropy

S(1). We will refer to S(1) as the ‘one-point entropy’, because it depends only on

the one-point functions of local operators in the domain of dependence of A.

We also propose a second duality between a coarse graining S(∧) (the ‘future

one-point entropy’) and a bulk quantity φ (the ‘future causal information’). These

quantities are natural generalizations of S(1) and χ, but have the appealing new

property that they can increase during processes which involve thermalization in

the CFT (corresponding to horizon formation in the bulk). If this new conjecture is

correct, the thermodynamic second law obeyed by S(∧) is dual to the area theorem

1See also [205, 206] for other approaches to understanding the information contained in
boundary regions.
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in general relativity [207], as applied to causal horizons of the form ∂J−(Z) where

Z is some set of points on the boundary of AdS and ∂J− is the boundary of the

causal past.2 In this way we propose a precise connection between Hawking’s area

theorem and the thermalization of a quantum mechanical system.

In section 5.2 we briefly review the definition of the causal holographic in-

formation and establish our notation. In section 5.3 we define a class of coarse-

grained entropies and explore their general properties. In section 5.4 we define

the one-point entropy S(1) and present evidence for the conjecture that S(1) = χ

(for source-free boundary theories). We also comment on the uniqueness of our

proposal and the prospects for precision tests. In section 5.5 we define the future

causal information φ and the future one-point entropy S(∧) and present evidence

that they are also dual to each other (for source-free boundary theories). Finally,

in section 5.6 we conclude by summarizing our results and commenting on the

prospects of extending our conjectures to the semiclassical regime.

Appendix A.1 presents two illustrative examples of failed proposals for the

dual of χ, and appendix A.2 constructs a counterexamples to our conjecture, in

the case where boundary sources are allowed.

Whenever possible we adopt the notation of [25] (see section 5.2 for a review)

with the exception that we use D±[A], J±[A] to refer to the boundary future

(past) domain of dependence and domain of influence and D±bulk[A], J±bulk[A] to

refer to the associated bulk regions.

2This generalizes the notion of ‘causal horizon’ defined by Jacobson and Parentani [208],
whose definition would require Z to be just one point.
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D[A]ΞA

∂+!A

∂−!A

A
D[A]

ΦA

∂+!A

∂−(J+[A])

1

Figure 5.1: A sketch of the causal wedge construction of [25]. D[A] is the
boundary domain of dependence of A and ΞA extends into the bulk (see text).

5.2 Causal holographic information: A brief re-

view

In this section we briefly review the definition of causal holographic information

χ. See [25, 203, 204] for additional details. We emphasize that for our purposes,

χ is only well-defined on classical geometries (i.e. in the strict N →∞ limit).

Consider a closed spatial region A on the boundary CFT of an asymptotically

AdS spacetime.3 We assume that A is achronal (i.e. no timelike curves pass

through it more than once), and codimension-one on the boundary. The region

A defines a causal domain of dependence D[A] = D+[A] ∪D−[A], where D±[A]

is defined as the collections of points p for which any infinitely extended timelike

curve must intersect A to the past (future) of p [209].

The boundary domain of dependence D[A] defines a bulk causal wedge:

�A = J+
bulk[D[A]] ∩ J−bulk[D[A]], (5.1)

3Since we are restricting to source-free boundaries, we only consider the case in which the
boundary is conformally flat. But perhaps it is possible to generalize to static boundary geome-
tries.
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where J±bulk[A] is the future (past) of D[A] in the bulk. In other words any point p

in �A lies on at least one causal curve that begins and ends in D[A] (see Fig. 5.1).

Even though the topology of �A may be nontrivial [204], the boundary of �A

can be written as

∂ �A = ∂+�A ∪ ∂−�A, (5.2)

where ∂±�A are future (past) horizons anchored to the future (past) boundary of

D[A]. These null surfaces intersect in a co-dimension two surface

ΞA = ∂+�A ∩ ∂−�A, (5.3)

known as the ‘causal information surface’ from which we calculate the causal

holographic information:

χA =
Area[ΞA]

4GN

, (5.4)

where GN is Newton’s constant.

Equation (5.4) is reminiscent of the definition of the HEE:

SA =
Area[EA]

4GN

, (5.5)

where EA is defined as the minimum area extremal surface homologous to A [194]

or equivalently as the maximin surface as described in [195]. We mention here,

since it will come up many times in our later analysis, that it has been shown
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in [25, 195] that

SA ≤ χA (5.6)

for smooth spacetimes satisfying the null energy condition which we will as-

sume throughout, since we are concerned with supergravity theories arising in

AdS/CFT, for which the null energy condition holds classically.

Throughout this paper we will assume that the Ryu-Takayanagi conjecture

is true. More precisely we assume that the order N2 contribution to the von

Neumann entropy of the reduced density matrix on ρA is equal to SA.4 Since we

will only ever be interested in the N →∞ limit (see section 5.3.2 below) we will

avoid introducing a new symbol and simply let

SA(ρA) = −Tr[ρA log(ρA)]. (5.7)

Note that the entanglement entropy is divergent, as is the area of EA. In prin-

ciple, one should figure out what is the precise numerical relationship between

the two cutoffs, in order to compare the bulk and boundary quantities using the

UV/IR correspondence [218]. Since this is difficult, it is more usual to cut off both

quantities independently, and then to compare only quantities which are indepen-

dent of the cutoff procedure [19, 101]. This includes logarithmic divergences and

certain finite terms. Note also that the divergences are state independent (at least

for regular states), so universal information can also be extracted by comparing

4Here we gloss over subtle questions involving how to define local observables in a gauge
theory, and whether there are additional “contact terms” besides the entanglement entropy
which should be included in the definition of SA [210, 211, 212, 213, 214, 215, 216, 217].
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states.

Presumably, a similar procedure should be used for χA and S
(1)
A . However,

unlike EA, the divergences in the area of ΞA depend on the choice of A in a

nonlocal way [219]. We will comment briefly in section 5.4.4 on the plausibility

of S
(1)
A and χA having matching divergences. Note that because χ and S differ in

their divergences, inequalities such as SA ≤ χA typically reduce to a statement

comparing the coefficients of their leading-order divergences.5

5.3 Coarse-grained entropies

5.3.1 Definition

For the purposes of this paper a coarse-grained entropy is calculated by max-

imizing the von Neumann entropy subject to some set of constraints. More pre-

cisely, we define a coarse-grained entropy SA associated with boundary region A

to be (cf. [220])

SA(ρA) = sup
τA∈TA

[SA(τA)] (5.8)

where ρA is the reduced density matrix associated with A, SA(τA) is the von

Neumann entropy of τA, and TA(ρA) is the set of all density matrices τA which

5This requires that the quantities be regulated in a manner consistent with the proof; for
example theorem 14 of [195] compares the surfaces Ξ and E using the second law, so the two
surfaces must be regulated in such a way that the second law can be used.
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satisfy the constraints

Tr[Om τA] = Tr[OmρA] (5.9)

where the {Om} are a set of operators supported in D[A]. Different coarse-grained

entropies differ only in the choice of constraints.

We will call the density matrix σA ∈ TA that maximizes the von Neumann

entropy the “coarse graining” of ρA, so that

SA(ρA) = SA(σA). (5.10)

This coarse-grained state must be unique, since if we had two candidate states

with equal entropy σ
(1)
A and σ

(2)
A , then by convexity of the von Neumann entropy

we could construct a higher entropy state σA = (σ
(1)
A +σ

(2)
A )/2. According to [220]

the general solution to (5.8) is (even when the Om are not mutually commuting)

σA = Z−1 exp

(
−
∑
m

λmOm
)
, (5.11)

where λm are Lagrange multipliers determined by solving (5.9) and the normaliza-

tion constant Z is the partition function. In other words σA is a sort of generalized

ensemble in which the λm play the role of chemical potentials.

It will be useful in the following discussion to characterize coarse grainings

by their relative strengths as follows. Consider two entropies S̃ and S̄ as defined

above with different sets of constraints. If the constraints of S̃ are a proper subset

of the constraints of S̄ (so that T̄ ⊂ T̃ ) then we say that S̃ is a stronger coarse
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graining than S̄ and we use the notation S̄ ≺ S̃.6 This implies that

S̄A(ρA) ≤ S̃A(ρA), (5.12)

for all states ρA, where equality holds if and only if σ̃A ∈ T̄ (ρA). Finally, if for

two coarse grainings Ŝ and S̄ neither set of constraints is a subset of the other,

then we say that Ŝ and S̄ are incomparable and we use the notation Ŝ ‖ S̃.

For future reference we prove a mathematical result that holds for all S:

(L1) For any positive definite, Hermitian density matrix we may, without loss of

generality, write

ρA = Z−1 exp(−βH). (5.13)

The operator H is known as the modular Hamiltonian associated with ρA

and is generally non-local except in a few special cases, β is a number, and

Z = Tr[exp(−βH)]. If H is one of the constraint operators associated with

S, (i.e. H ∈ {Om}) then

SA(ρA) = SA(ρA). (5.14)

The proof is as follows: The state ρA maximizes the entropy subject to a

subset of the constraints (namely the constraint associated with 〈H〉), but

6Note that when the constraints are weaker, the coarse graining is “stronger”, in that one is
forgetting more about the state. The weakest possible coarse graining is simply the fine-grained
entropy S, which involves constraining all information about the state.
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adding additional constraints can only lower the entropy, therefore

SA(ρA) ≤ SA(ρA). (5.15)

However, ρA satisfies all of the constraints (5.9); therefore by virtue of the

maximization condition in (5.8) we also have

SA(ρA) ≥ SA(ρA), (5.16)

and thus we obtain (5.14).

5.3.2 A correspondence principle

Whereas the coarse-grained entropies S are defined for all reduced density

matrices ρA, χ is defined only on classical spacetimes. This means that any

correspondence between some S and χ must be restricted to the large N limit

of the dual field theory. More precisely we define the correspondence limit of a

coarse-grained entropy by calculating S at finite N and retaining only the order N2

term as we formally take the N →∞ limit. We will work in the general relativity

limit, in which the bulk Newton’s constant GN remains finite as the string and

Planck lengths vanish. Of course, it would be of interest to extend the definition

of χ into the semiclassical regime perhaps using the generalized entropy [95, 97] as

inspiration (see [221] for an extensive review) and compare subleading corrections;

however we will not pursue that idea in this work except for brief comments in

section 5.6.

Of course not every density matrix is dual to a classical geometry in the bulk.
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Figure 5.2: When C is a Cauchy surface χC is calculated from the area of ΞTC .
B±T are slices of a foliation of boundary Cauchy surfaces and ΞTC is the intersec-
tion of their respective past and future horizons. This construction addresses
non-perturbative late time quantum effects such to Poincaré recurrences and
black hole evaporation.

We will therefore be particularly interested in density matrices which define a bulk

causal wedge �A in the dual description. We will call any such density matrix a

“classical state.” Note that if ρA is classical it is not clear that the coarse-grained

state σA must also be classical.

A subtlety arises when C is a Cauchy surface of the boundary, i.e. when D[C] is

the entire boundary. In this case, the field theory states will experience Poincaré

recurrences and other large fluctuations over times of order exp(N2). These fluctu-

ations and recurrences allow thermal states to be reconstructed simply by waiting

an extremely long time. It is therefore appropriate that in the correspondence

limit we monitor the constraints (5.9) only over times that are parametrically

larger then any scale in the classical spacetime, while still being parametrically

smaller than exp(N2).

More precisely we define SC by introducing a foliation of Cauchy surfaces Bt
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and replacing D[C] with region bounded by B−T and BT . We then take T → ∞

as N → ∞ while maintaining T � exp(N2).7 On the bulk side we use the same

foliation Bt of the boundary to define the family of surfaces (see Fig. 5.2)

ΞT
C = ∂+(J−bulk[BT ]) ∩ ∂−(J+

bulk[B−T ]), (5.17)

and we define the causal holographic information of the Cauchy surface C as

χC = lim
T→∞

Area
[
ΞT
C
]

4GN

. (5.18)

One consequence of taking the correspondence limit is that it is possible for

coarse grainings which are different at finite N to agree to order N2 for all classical

states as we take N → ∞. We will say that any two such coarse grainings are

“equivalent” and we will use the symbol S̄ ≡ S̃.8 We will often only be interested

in classifying coarse-grained entropies as stronger or weaker up to this equivalence

relation.

7or using the much shorter black hole evaporation time for spacetimes with sufficiently small
black holes.

8This fact suggests a more general class of coarse grainings. One could replace the con-
straint (5.9) with

|Tr[OmτA]− Tr[OmρA]| < cmN
1−km , (5.19)

where cm, km are positive constants. It is then possible that these generalized coarse grainings
would agree with our coarse grainings S in the correspondence limit, but differ for finite N .
Coarse grainings of this type could play an important role in future investigations of the semi-
classical regime. For now, however, we will only use constraints of the form (5.9) because we
are uncertain how to choose cm and km. We thank Don Marolf for pointing this out.
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5.3.3 General properties

We now list a few general properties that hold for all coarse-grained entropies

S.

(A1) The coarse-grained entropy of A depends only on the domain of

dependence D[A]: In particular, if there are two regions A and B for which

D[A] = D[B] then ρA = ρB and SA(ρA) = SB(ρB). This property follows

trivially from the definition of SA(ρA) and unitarity. The analogous result

χA = χB also follows trivially from the definition of χ.

(A2) Coarse graining can only increase the von Neumann entropy: By

virtue of the maximization condition in our definition of SA

SA(ρA) ≥ SA(ρA). (5.20)

This property echoes the result of [25, 195] that χA ≥ SA.

(A3) The coarse-grained entropy is the entropy of the coarse-grained

state: Given some state ρA, if τA is any state which satisfies the con-

straints (5.9) (i.e. τA ∈ TA(ρA)) and σA is the coarse graining of ρA then

SA(ρA) = SA(τA) = SA(σA) = SA(σA). (5.21)
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From these simple facts we learn two things. First, if a coarse-grained entropy

S is dual to χ then it must have the property that for any classical state ρA

χA(ρA) = χA(τA), (5.22)

where τA is any other classical state in TA(ρA). We call any coarse graining which

satisfies (5.22) a ‘χ-preserving coarse graining.’ Second, if S is a χ-preserving

coarse-graining and ρA is a classical state for which the coarse-grained state σA is

also classical then

SA(ρA) ≤ χA(ρA). (5.23)

The conjunction of these results gives an even more useful result. Let S̄ and

S̃ be two χ-preserving coarse grainings and let S̄ ≺ S̃. Now let R̃ be the set

of classical states which are mapped to classical coarse-grained states under the

coarse graining S̃. We say that S̃ is a ‘classical coarse graining’ on R̃ and it follows

that for any ρA ∈ R̃

S̄A(ρA) ≤ S̃A(ρA) ≤ χA(ρA). (5.24)

This implies that S̄ cannot be dual to χ unless S̄(ρA) = S̃(ρA) for all ρA ∈ R̃.

In other words, if S̃ is dual to χ it must be (at order N2) as strong as possible

over the states R̃. This would imply that, up to equivalence, S̃ would have to

be the unique maximally-strong coarse graining over R̃, among those which are

χ-preserving and classical.
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The restriction that S̃ be as strong as possible only over the states R̃ is a

little unwieldy since the definition of R̃ depends on S̃. So, it is natural to ask

if the restriction to R̃ can simply be dropped, meaning that we would look for

the strongest possible χ-preserving coarse graining. The answer is no, as we show

in Appendix A.1. Given the importance of this restriction, it is interesting to

consider χ-preserving coarse grainings which map all classical states to classical

coarse-grained states. (An example of such a coarse graining is the fine grained

entropy S which preserves the entire state.) These completely classical coarse-

grained entropies are particularly convenient to work with because in principle

all of their properties can be derived by studying boundary value problems in

classical general relativity. While it is still logically consistent that χ is dual to

a non-classical coarse graining, our intuition is that χ is dual to the strongest χ-

preserving coarse-grained entropy which always maps classical states to classical

coarse-grained states.

In section 5.4 we will define the one-point entropy S(1) and argue that it is the

strongest, classical χ-preserving coarse graining, at least in a particular perturba-

tive context.

5.4 The one-point entropy

In this section we define a particular coarse-grained entropy which we call

the ‘one-point entropy’ S(1), and present evidence that it is dual to χ for theories

without boundary sources (see appendix A.2). We will then compare the one-point

entropy to other coarse-grained entropies, and indicate some potential future tests
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of our conjecture.

5.4.1 Definition of the one-point entropy

The constraints {Om} of S
(1)
A are the one-point functions of all gauge-invariant,

local CFT operators supported on D[A].

Since we will only be testing our conjecture S(1) = χ in the classical correspon-

dence limit, many of the one-point CFT operators in {Om} do not play much of

a role. This includes:

• Fermionic operators, because fermions anticommute and therefore it is dif-

ficult to make sense of them in the classical limit;

• Multi-trace operators, because the asymptotic boundary values of the clas-

sical fields can be determined from the single-trace operators alone;

• Operators whose dimension is parametrically large in N, because these cor-

respond to very massive objects in the bulk, which are not contained in the

classical supergravity field theory limit.

It is not clear to us whether operators like these should be included or excluded.

Possibly it makes no difference at order N2, in which case either choice would

lead to equivalent coarse grainings.9 For the sake of definiteness, we define S(1) to

include constraints from all one-point functions. However, the reader should bear

in mind the other possibilities.

9But one would have to make a definite choice if one tried to extend the conjecture to the
semiclassical regime, as discussed in section 5.6.
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The AdS/CFT dictionary states that the single-trace one-point functions are

given by

〈Om(x)〉 =
s√−g

δSren

δϕ̃(x)
, (5.25)

where g is the determinant of the boundary metric gµν , ϕ̃ is an appropriately

conformally rescaled bulk field, s is a conventional constant, and Sren is the renor-

malized action which includes the boundary counterterms required by the pre-

scription of [52, 53] (see [44] for a review). For example, the one-point functions

of the stress tensor are given by

〈T µν(x)〉 =
2√−g

δSren

δgµν(x)
, (5.26)

with similar relations holding for all of the other bulk fields. These relations allow

us to express the constraints as a set of conditions on the asymptotic behavior of

the bulk fields in �A.

5.4.2 Properties of the one-point entropy

We now list some properties of the one-point entropy S(1) (beyond those in sec-

tion 5.3.3 which apply to all coarse grainings) that make it a promising candidate

for the dual of χ.

(B1) The one-point entropy is additive for spacelike separated regions:

Consider two spacelike separated boundary regions A and B for which

D[A] ∩ D[B] = ∅. (Note that because these domains are closed, D[A] and
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D[B] cannot even touch at their boundaries.) Consider the state ρA ⊗ ρB.

This state is not in general the same state as ρA∪B, because the correlations

between A and B have been removed. However, since the constraints (5.9)

only involve local operators, correlations between the two regions will not

contribute to any of the expectation values of local operators, so the con-

straints factorize. Thus, σA∪B = σA ⊗ σB and we obtain

S
(1)
A∪B = S

(1)
A + S

(1)
B . (5.27)

Now by boundary causality on the CFT, we know that there are no timelike

or null causal curve connecting D[A] and D[B] in the bulk. Hence the bulk

causal wedges do not “interact” and the causal holographic information

obeys

χA∪B = χA + χB. (5.28)

A similar observation for a related proposal was previously made in [219]

(see section 5.6 for further discussion).

This is a special property of the one-point entropy. A coarse-graining S(n)

which included the effects of higher n-point functions would not in general

be additive, since it would be sensitive to correlations between two nearby

regions A and B.

(B2) The one-point entropy of a pure state does not always vanish:

Consider a thermal state ρthermal with finite temperature β > 0. A pure
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Figure 5.3: A causal diagram of the geon spacetime described in the text.
Σgeon is a bulk Cauchy surface, C is a boundary Cauchy surface and B is the
bifurcation surface of the geon.

state |ψ〉 for which

〈Om〉|ψ〉〈ψ| = 〈Om〉ρthermal
, (5.29)

will have the property that for any Cauchy surface C we have S
(1)
C (|ψ〉 〈ψ|) >

0. Note that we must use the limiting procedure described in section 5.3.2

to exclude Poincaré recurrences or other large quantum fluctuations from

our analysis.

An interesting example of such states are topological geons [222]. The

simplest geon solution is constructed by cutting off a t = 0 slice of AdS-

Schwarzschild at the bifurcation surface B and then identifying antipodal

points on B to heal the geometry. Call the resulting surface Σgeon. The

maximal evolution of Σgeon is a spacetime that has AdS-Schwarzschild as

its universal covering space (see Fig. 5.3). In D = 4 spacetime dimensions

this geometry is called a RP3 geon because its spatial slices have topology

RP3 − {O} where O corresponds to spatial infinity (see e.g. [149]).
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Now we will show that the CFT state ρgeon associated with this geometry is

a pure state by calculating SC(ρgeon), where C is a Cauchy surface of geon

boundary. The HRT proposal tells us that we must find the minimum-area

extremal surface EC that is homologous to C. As with AdS-Schwarzschild

there are two candidate extremal surfaces: the empty set (with zero area)

and the bifurcation surface (with finite area). In AdS-Schwarzschild only the

bifurcation surface is homologous to C; therefore SC(ρthermal) = SBH (where

ρthermal is the dual CFT state and SBH is the Bekenstein-Hawking entropy).

But in the geon spacetime, the empty set is also homologous to C; therefore

SC(ρgeon) = 0 (see also [223]).

Next we calculate S
(1)
C (ρgeon). By construction the geon spacetime is iso-

metric to AdS-Schwarzschild in the exterior of the horizon. It then follows

trivially from the AdS/CFT dictionary (5.26) that the one-point functions

of ρgeon and ρthermal are equal. Therefore, by (A3) we have

S
(1)
C (ρgeon) = SC(ρthermal) = SBH . (5.30)

Now on the bulk side, when we calculate χC(ρgeon) using the limiting proce-

dure of (5.18) we also obtain χC = SBH = S
(1)
C (ρgeon). Again this follows triv-

ially from the fact that the geon spacetime is isometric to AdS-Schwarzschild

in the exterior of the horizon.10 It is intriguing that this calculation relies

crucially on the fact that S depends on the global topology of the spacetime

10Note that had we not used (5.18) we would have incorrectly obtained SBH/2 since the
antipodal identification of the bifurcation surface effectively halves its area. This quotient does
not change the area of any other surface of the horizon, so the limit in (5.18) does not know
about this discontinuity in the area.
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but χ does not.

The state ρgeon also provides an important counterexample useful for exclud-

ing coarse grainings weaker than S(1) (see section 5.4.3 below). We will now

show that the states ρgeon and ρthermal have different two-point functions.

Therefore a coarse graining S(2) which constraints all one- and two-point

function would have S(2)(ρgeon) < SBH by (5.12).

Consider two points x, y on the boundary of the geon spacetime. In the

free field limit, the two-point function is due to Witten diagrams which

begin at x and end at y in position space. Now because the geon is a

quotient of AdS-Schwarzschild, it includes not only the Witten diagrams of

AdS-Schwarzschild, but also noncontractable Witten diagrams which wrap

around the nontrivial topology and make an additional contribution to the

two-point function. Therefore the two point functions of ρgeon and ρthermal

are not equal.11

(B3) For pure states, the one-point entropy of a region is generally not

equal to the one-point region of the complementary region: This

property follows immediately from (B2) since for any Cauchy surface C,

S
(1)

CC = 0 but it was just shown that for some pure states S
(1)
C > 0. More

generally if we take an arbitrary region A and act with an arbitrary unitary

operator supported only in AC we do not change S
(1)
A , but will generally

change S
(1)

AC because the one-point functions are not invariant under unitary

transformations.

11See [224] for explicit calculations showing that physical detectors placed outside of the
horizon register the difference between the states ρgeon and ρthermal.
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Similarly, it was shown in [25] (by applying the Gao-Wald focusing theo-

rem [91]) that generally χA 6= χAC for arbitrary regions A.

(B4) The one-point entropy reduces to the fine-grained entropy for

states which are thermal with respect to geometric flows: This

fact is of particular interest because Hubeny and Rangamani conjectured

that χA = SA if ρA is thermal [25]. By (L1), our proposal reproduces this

result whenever the modular Hamiltonian (as defined in (L1)) of ρ is a lin-

ear combination of local operators.12 This happens to be true for all known

cases in which χA = SA. The known cases are

• Spherical regions A in the vacuum state ρvacuum of a CFT. In this case

the modular Hamiltonian of ρA is a diffeomorphism generator, and

therefore a linear function of Tµν [101].

• Spherical regions A of the rotating BTZ geometry. A change of coor-

dinates maps the BTZ wedge �A onto a wedge to the AdS geometry

and the previous argument applies.

• Certain eternal black holes (including charged and dilatonic black holes)

are also dual to thermal states of the entire CFT. The modular Hamilto-

nian is simply a linear combination of global charges of the spacetime

and therefore S
(1)
C = SC = SBH = χC, where C is a Cauchy surface.

(This shows that we need our coarse graining to constrain, not just

the one-point function of the boundary stress-energy tensor Tµν , but

also the CFT operators which are dual to the bulk dilaton and gauge

12See section 5.4.3 for comparison with the results of [219].
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fields.)

(B5) The one-point entropy is bounded by a thermal entropy: For any

region A

S
(1)
A (ρA) ≤ SA(ρthermal), (5.31)

where

ρthermal = Z−1 exp(−βρH). (5.32)

In the previous expression H ∈ {Om} and βρ is a constant chosen so that

〈H〉ρA = 〈H〉ρthermal
.

To see this note that ρthermal maximizes the entropy subject to what amounts

to a subset of the constraints (5.9), and imposing additional constraints

cannot raise the entropy. Furthermore, by (L1) S
(1)
A (ρthermal) = SA(ρthermal)

so we obtain (5.31).

Now in the case of a Cauchy surface of an eternal black hole spacetime

which is dual to a thermal state, the modular Hamiltonian H is a linear

combination of energy, angular momentum, and other global charges. In

this case, (B4) implies that (5.31) is saturated, so our proposal requires that

black holes which are dual to thermal states always maximize their area

subject to the constraint of fixed energy and other global charges.

(B6) The one-point entropy is invariant under alterations to the dual

spacetime outside the causal wedge: Consider some boundary region
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A with a classical reduced density matrix ρA dual to a bulk causal wedge

�A. Now consider an alteration of the bulk spacetime which leaves the

casual wedge of A unchanged, but which is not necessarily small anywhere

else. Such an alteration will produce a new reduced density matrix τA,

which is in general not equal to ρA. To see this, note that for generic

spacetimes the extremal surface EA lies outside of �A [25, 195]. Therefore

it is possible for a modification of the spacetime outside of �A to change the

fine grained entropy, so that SA(τA) 6= SA(ρA). Now it follows immediately

from the AdS/CFT dictionary (5.25) and the locality of the bulk theory

that any such perturbation will not change the one-point functions in D[A].

Therefore τA ∈ TA(ρA), so S
(1)
A (τA) = S

(1)
A (ρA).

By construction we have not modified the causal wedge �A so it immediately

follows that χA(τA) = χA(ρA).

(B7) The one-point entropy is χ-preserving in perturbation theory: Whereas (B6)

showed that perturbations which do not alter �A (and therefore χA) pre-

serve the one point functions, here we show a limited converse: that small

perturbations which do not alter the one-point functions preserve �A and

therefore χA.

The problem of reconstructing the bulk given boundary data in asymptoti-

cally AdS spacetimes has been extensively studied [11, 12, 13, 14, 15, 16, 17,

18]. In the linearized bulk theory the boundary data in A is sufficient to re-

construct the fields in �A; this construction can also be extended to the full

nonlinear theory order-by-order in the interaction strength
√
GN [17, 18]. In
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Figure 5.4: A sketch of the setup described in (B8). The spacetime is perturba-
tively close to vacuum AdS for a sufficiently long time Tpert that a bulk Cauchy
surface Σ can be reconstructed from the boundary one-point functions.

the correspondence limit, this boundary data reduces to one-point functions;

therefore in the classical, perturbative regime, �A can be reconstructed from

the one-point functions in D[A].

Now consider two states ρA and τA which are perturbatively close to one

another and have the same one-point functions. Because they have the

same one-point functions it follows immediately that S
(1)
A (ρA) = S

(1)
A (τA).

Now in the bulk theory, the one-point functions completely determine the

causal wedges associated with both states; therefore �A(ρA) = �A(τA) which

implies χA(ρA) = χA(τA).

(B8) The one-point entropy of a Cauchy surface vanishes for certain

collapsed black holes: Consider a classical spacetime which is perturba-

tively close to vacuum AdS for a time 0 ≤ t ≤ Tpert. Let Ct be a family

of boundary Cauchy surfaces and let M be the boundary region between

C0 and CTpert . Let Tpert be large enough that J+
bulk[M] ∩ J−bulk[M] contains
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a bulk Cauchy surface Σ (see Fig. 5.4). Let the set of all such states be

called Rχ=0. The reconstruction results explained in (B7) imply that the

classical Cauchy data on Σ (and therefore the entire bulk spacetime) can

be reconstructed from the boundary one-point functions inM.13 Thus, the

one-point entropy S
(1)
Ct (ρCt) counts all states which correspond to this bulk

geometry in the correspondence limit. This quantity is precisely what is

calculated by the Ryu-Takayanagi entropy SCt(ρCt) so14

S
(1)
Ct (ρCt) = SCt(ρCt) = 0. (5.33)

Now, by construction ∂+�Ct and ∂−�Ct do not intersect. This means that

χCt = 0, and so

S
(1)
Ct (ρCt) = χCt = 0. (5.34)

In [225, 226, 227] it is shown that AdS is perturbatively unstable to black

hole collapse. Thus almost all of the solutions we have considered will be-

come black holes at late times. The physical interpretation of χCt = 0 for

these states is that the one-point entropy is sensitive to the boundary data

in the CFT, prior to the time that the state thermalizes.

13Note that by invoking (B7) we are implicitly assuming that the coarse grained state is
perturbatively close to original state. This seems plausible at least for some class of small
perturbations.

14Recall from section 5.3.2 that we are only interested in the order N2 pieces of S and S(1).
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5.4.3 Comparison with other coarse-grained entropies

We begin this section by showing that for the class of perturbative states

Rχ=0 considered in (B8), S(1) is the strongest, classical χ-preserving coarse grained

entropy. The key feature of the states Rχ=0 are i) that there is a one-to-one map

between boundary one-point functions and bulk causal wedges �Ct and ii) that

SCt = 0 = χCt .

Since each classical state in Rχ=0 is its own coarse graining, it follows that S(1)

is χ-preserving and classical over Rχ=0. Next, consider a stronger χ-preserving

coarse graining S̃ � S(1). If S̃ 6≡ S(1) then there must exist at leastO(N2) classically

distinguishable bulk wedges �(i) that satisfy the constraints of S̃ for some classical

state ρCt . All of these causal wedges have the same (vanishing) von Neumann

entropy by the inequality SCt ≤ χCt = 0, therefore the coarse-grained state σCt

must be a mixture of the states dual to the �(i). In other words, σCt is not classical

and so S̃ is not classical over Rχ=0. Therefore there is no stronger, classical χ-

preserving coarse graining than S(1) over the states Rχ=0.

Note that by (B6) and (B7), S(1) is also χ-preserving and classical in the

perturbative regime for states with χ > 0. However, it is no longer trivial to show

that any stronger χ-preserving coarse graining is nonclassical. Still, we conjecture

that the obstacles to extending our argument are technical and that in fact S(1)

is the strongest such coarse graining in this perturbative regime (in which we

maximize entropy subject to the assumption that σ is perturbatively close to ρ).

Throwing all caution to the winds, we conjecture that S(1) continues to be

the strongest classical χ-preserving coarse graining non-perturbatively. One can

explore this question in classical general relativity, by asking if the bulk recon-
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struction results discussed in (B7) extend to the non-perturbative regime. If not,

it seems likely that the one-point functions do not fix χ, in which case our conjec-

ture S(1) = χ can only work perturbatively. In this case, it would be of interest to

attempt to construct the strongest, classical χ-preserving coarse graining explicitly

(if it exists) and see if it is a candidate for the dual of χ.

So, since we are not certain that S(1) is classical and χ-preserving, it is worth

considering if any weaker coarse graining might be viable. One possibility is

to consider a coarse-grained entropy S(2) ≺ S(1) which constrains all one- and

two-point functions. However, we can show that S(2) is inconsistent with the

additivity property (B1). Let A and B be two spherical regions on the vacuum

AdS boundary, separated by a small spacelike gap. For such regions the fine-

grained entropy is subadditive: SA∪B ≤ SA + SB.

By (B4) we know that S
(1)
A (ρA) = S

(2)
A (ρA) = SA(ρA) and similarly for B.

However, the two-point functions connecting regions A and B do not vanish,

therefore σ
(1)
A∪B 6∈ T

(2)
A∪B(ρA∪B) (see (B1)). So, by (5.12) we have

S
(2)
A∪B(ρA∪B) < S

(2)
A (ρA) + S

(2)
B (ρB). (5.35)

Since the fine-grained entropy is subadditive at order N2 we presume that S(2) is

as well.

One could try to evade this problem by strengthening S(2). Consider a coarse

graining S(2♦) which constrains all one-point functions and those two-point func-

tions for which both points are causally connected (c.f. [228]). Now, S(2♦) man-

ifestly satisfies the additivity property (B1). However, consider the states ρgeon
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and ρthermal discussed in (B2). These states have the same one-point functions

but different two-point functions, therefore, ρthermal 6∈ T (2♦)(ρgeon). It then follows

from (5.12) that for a Cauchy surface C

S
(2♦)
C (ρgeon) < S

(1)
C (ρgeon) = χC. (5.36)

Assuming as above that this difference is of order N2, this rules out S(2♦) and any

weaker coarse graining as the dual of χ.

Another conceivable weaker coarse graining might constrain all of the one-

point functions and all Wilson loops. However, Wilson loops are dual to extremal

surfaces in the bulk geometry [229, 230] and extremal surfaces can lie outside of

�A [231], in obvious tension with (B6).15

It is also conceivable that some incomparable coarse graining Ŝ ‖ S(1) that

combines partial data about the one-point functions and partial data about more

complicated operators produce a candidate for the dual of χ. However, this type

of construction seems likely to suffer from at least some of the shortcomings of

both the stronger and weaker coarse grainings considered above.

Freivogel and Mosk have put forward a different kind of proposal for the dual of

χ [219]. Let D[A] be a simple causal diamond (i.e. it takes the form J−(p)∩J+(q)

where p and q are points) on a conformally flat boundary metric. The region D[A]

thus has a time-translation conformal Killing vector ξ. Now let U = exp(−iHt)

be the unitary operator corresponding to the flow with respect to ξ. The proposal

15On the other hand, it has been argued [232, 233] that this duality is only valid in appro-
priately analytic spacetimes, and therefore it is not straightforward to draw inferences about
causality. So, this tension might have a resolution.
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of [219] is that for such regions, χA = S̃A(ρA), where

S̃A(ρA) = SA

(∑
i

PiρAPi

)
, (5.37)

and the Pi above are projection operators onto the eigenbasis of the operator H.

If ρA is a thermal state with modular Hamiltonian H then S̃A(ρA) = SA(ρA),

which reproduces the result (B4) above. Note that the projection PiρAPi removes

all off diagonal elements in the H basis, which makes the resulting state time

independent. This corresponds to a coarse graining in which the constraints {Om}

consist of all functions of H.

The projection (5.37) is equivalent to taking a time average of the state ρA,

which we call ρ̄A. Unfortunately, this implies that it is not dual to χ. For consider

an out of equilibrium state ρA which eventually (for very early and late modular

times t) settles to an equilibrium state. Let us suppose that in the bulk dual, this

area of the future horizon at late times is equal to Afinal, as is the area of the past

horizon at early times. By the second law of horizons, χ(ρA) < Afinal/4GN . But

inside of �A, the time average of this bulk state is a stationary horizon with area

Afinal. Hence χ(ρ̄A) = Afinal/4GN , so χ(ρA) < χ(ρ̄A) and the coarse graining S̃ is

not χ-preserving.16

5.4.4 Possible tests of S(1) = χ

While there is a great deal of data describing the behavior of χ in complex

circumstances (see [203, 204]), S(1) seems to be much less amenable to numerical

16We owe this argument to Don Marolf.
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calculation. To test the conjecture, one may wish to look for aspects of S(1) (such

as its divergence structure) which may be easy to calculate.

An even better strategy for testing S(1) = χ might be to identify circumstances

in which our conjecture can be tested entirely within general relativity. If two

solutions exist with the same one-point functions and different values of χ, then

this would show that S(1) is not χ-preserving and therefore not the dual of χ. Since

the one-point functions correspond to the asymptotic values of classical fields, this

leads to predictions about the allowed spacetimes on the bulk side.

Below we list a few special regimes in which it might be particularly easy to

construct tests of our conjecture.

(C1) Spherical symmetry: One strategy for finding solutions with the same

one-point data is to exploit Birkhoff’s theorem, which states that any spheri-

cally symmetric solution to general relativity with compactly supported mat-

ter will have one-point functions which are identical to AdS-Schwarzschild.

Now it is certainly possible to construct initial data that is spherically sym-

metric and has compactly supported matter. However, evolving such initial

data will generally lead to radiation which will propagate to the AdS bound-

ary in finite time. If this radiation can be suppressed in such a way that

the presence of some matter alters χA but no radiation reaches D[A], such

a spacetime would be a counterexample to our conjecture that S(1) = χ.

There are several no-go theorems in general relativity that forbid “horizon-

less solitons” (see e.g. [234] and references therein); however because the

radiation only needs to be suppressed for a finite time these theorems are

not sufficient by themselves to protect our conjecture.
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In particular it would be interesting to attempt to construct such a solu-

tion using branes which have vanishing back reaction on the spacetime in

the N → ∞ limit.17 Even though it is possible to construct spherically

symmetric branes in AdS these branes are still localized on the compact

dimensions and therefore may radiate via Kaluza-Klein modes.

(C2) Null shock waves: Another approach to constructing counterexamples is

to study null shock waves which pass through �A but which do not have an

endpoint on D[A]. In [237, 238] it is shown that the effect of such shock

waves on the boundary one-point functions is heavily suppressed. Thus it

may be possible to bound the change in S(1) caused by these shock waves

and compare it with the associated change in χ.

(C3) Generic coarse grained states: Consider a generic boundary region A

and associated with a bulk causal wedge �A. By (B6) arbitrary perturba-

tions outside of �A will not affect S
(1)
A or χA but they will generically change

SA. Now, by [195] we must have SA < χA for smooth generic spacetimes

satisfying the null energy condition. However, if χA − SA can be made ar-

bitrarily small then continuity would imply that if S(1) is classical, then it is

dual to χ.

Another approach would be to construct non-smooth spacetimes for which

SA = χA exactly. Such spacetimes are reminiscent of the “disentangled”

Rindler wedges considered in [239]. There it was shown that the Rindler

horizons become singular when the entanglement between the two regions

17Another intriguing possibility would be to study the Coulomb branch solutions considered
in [235, 236].
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AEA ΞA

(a)

χA = SA

AEA ΞA

(b)

χA > SA

AEA ΞA

(c)

χA > SA

3

Figure 5.5: Matter reflecting off the AdS boundary. The solid line to the right
represents the AdS boundary and A is a spherical region (see (C5)).

is no longer maximal. These disentangled wedges could serve as a model for

more general coarse grained states.

(C4) Comparing divergences: Freivogel and Mosk [219] have calculated the

logarithmically divergent piece of χA for arbitrary regions A on a flat bound-

ary in D = 4 spacetime dimension. They find that this logarithmic diver-

gence is universal (i.e. independent of the state and the regulator) and that

it cannot be expressed as an integral of local geometric boundary quantities.

This means that unlike SA, the divergent terms in χA are not dominated by

vacuum correlations. A greater understanding of coarse-grained states could

allow comparison between the divergences of S(1) and those of χ. (Note that

if σ is a classical state, it must generically be nonsmooth at the causal sur-

face, as shown in (C3). It is not surprising therefore that its divergences

might differ from that of ρ.)
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(C5) Reflecting matter off the AdS boundary: Consider a spherical region

A on the boundary of vacuum AdS. The reduced density matrix associated

with this region is the thermal state ρA (see (B4)). Now consider a state

ρ̄A = e−iJρAeiJ where J is a source operator. The spacetime associated

with such a state will (for an appropriately chosen J) have a matter field

bouncing off the AdS boundary (see Fig. 5.5).

Since the von Neumann entropy is preserved by unitary transformations and

since ρA is thermal we know that S(1)(ρ̄A) ≥ S(1)(ρA). Furthermore ρ̃A does

not have the same one-point functions as ρA so it is unlikely that S(1)(ρ̄A) =

S(1)(ρA) for general U . Similarly, we know that χA(ρ̄A) > S(1)(ρA). It is

conceivable that the state ρ̄A and its dual geometry could be constructed in

sufficient detail to allow a precision test of S(1) = χ.

(C6) Almost-complete Cauchy slices: Consider an eternal black hole inD ≥ 4

spacetime dimensions and consider the quantity ∆SA = SA(ρA)−SAC (ρAC ).

It is well known that

lim
AC→∅

∆SA = SBH , (5.38)

and in fact ∆SA = SBH even whenAC is sufficiently small but finite. In [240]

this leveling off of ∆SA is referred to as the entanglement plateaux.

But for the causal surface, there is no plateaux. If we now consider ∆χA =

χA − χAC we find that

lim
AC→∅

∆χA > SBH , (5.39)
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ΞA

A

(a)

EA

A

(b)

6

Figure 5.6: (a) A sketch of a t = constant slice of the AdS-Schwarzschild
solution. Even for very small AC , χA does not approach SBH . See [204] for
a precise diagram. (b) A bulk Cauchy surface of the (non-stationary) black
funnel-like geometry discussed in the text. The reduced density matrix on A
is a candidate for a coarse graining of ρA.

even though (B4) says that χA = SBH when AC = ∅. This means that ∆χA

jumps by a finite amount right when A becomes a complete Cauchy surface!

This effect is due to the red shift at the horizon, which prevents the causal

surface from approaching arbitrarily close to the event horizon (Fig. 5.6(a)).

Can S(1) also jump in the same way (in the large N limit)? If not, then our

conjecture that S
(1)
A = χA would be falsified.

Our conjecture requires that for arbitrarily small but finite AC , there must

exist a state σA in A that has the same stress tensor Tµν as the eternal

black hole, and has entropy SA(σA) = S
(1)
A (ρA). If we assume that S(1) is

classical, then we can look for such states entirely within classical general

relativity. An interesting candidate state can be constructed by patching

the region A to a Schwarzschild black hole. Consider such a state with a
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time reflection symmetry on a Cauchy surface C which contains A. The

horizon of this boundary black hole will extend into the bulk in a manner

which might resemble a non-stationary black funnel-like spacetime sketched

in Fig. 5.6(b) (see [241, 242, 243, 244]).18 As noted in (C3), σA cannot be

smooth, however, it is possible that the required patching of the black hole

disrupts the smoothness of the bulk geometry. If it could be shown that such

a solution exists and has SA(σA) = SA(σA) = S
(1)
A (ρA) this would provide a

nontrivial check on our proposal.

5.5 The future one-point entropy

5.5.1 Motivation and definition

Consider a pure state in AdS which, after some time, collapses to a black

hole and rings down. The HRT proposal assigns such a state zero entropy even

at arbitrarily late times. It is appropriate that a fine-grained notion of entropy

should assign such a state zero entropy since the initial state is pure, and unitary

evolution does not alter the entropy. However, since this state is asymptotically

stationary, at late times it is externally indistinguishable from an eternal black

hole, which has a nonzero Bekenstein-Hawking entropy. It is therefore tempting to

apply the HRT proposal to the eternal black hole geometry, in order to calculate

an approximate coarse-grained entropy.

Returning to the collapsing geometry, not only does the HRT entropy vanish

18This solution can only exist if the one-point functions do not uniquely specify �A non-
perturbatively. Another interesting candidate for σA is the related black droplet solution.
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for a Cauchy surface C, but so do χC and S
(1)
C (at least in the cases considered

in (B8)). We attribute this to the fact that the domain D[C] over which we

coarse grain extends far into the past into the pre-thermalization region, when

the geometry could easily be distinguished from a black hole. While this is all

perfectly consistent, it is not typically what is meant by a coarse-grained entropy,

since it does not allow for thermalization.

Another feature that S(1) lacks that we might expect from a coarse-grained

entropy is an interesting second law. Technically S
(1)
A satisfies a second law (just

like SA), however only in the trivial sense that

∂t

(
S

(1)
At

)
= 0 (5.40)

where At is a foliation of D[A] parameterized by t.

Motivated by the above concerns, we propose a new set of bulk and boundary

quantities which we call the ‘future causal information’ φA and the ‘future one-

point entropy’ S
(∧)
A (ρA). We define

S
(∧)
A (ρA) = sup

τA∈T+
A

[SA(τA)] (5.41)

where T+
A is the set of all density matrices which satisfy the constraints

Tr[OmρA] = Tr[OmτA] (5.42)

where now the {Om} in (5.42) are the set of all one-point functions of the fields

with support only on D+[A].
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A
D[A]ΞA

∂+!A

∂−!A

A
D[A]

ΦA

∂+!A

∂−(J+
bulk[A])

1

Figure 5.7: A sketch of the construction of ΦA described in the text. D[A] is
the boundary domain of dependence of A and ΦA extends into the bulk (see
text).

We conjecture that in the absence of boundary sources, and in the correspon-

dence limit of section 5.3.2, the bulk dual of S
(∧)
A is given by

S
(∧)
A = φA :=

Area[ΦA]

4G
, (5.43)

where ΦA is the codimension-two surface (see Fig. 5.7)

ΦA := ∂+�A ∩ ∂−(J+
bulk[A]). (5.44)

To summarize we have formed a new conjecture by modifying our old conjec-

ture in two ways: the operators Om are now supported on D+[A] only as opposed

to D+[A] ∪ D−[A], and the associated bulk surface is ∂+�A ∩ ∂−(J+
bulk[A]) as

opposed to ∂+�A ∩ ∂−�A. We have again restricted our conjecture to theories

without boundary sources for the reasons given in appendix A.2.
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5.5.2 Properties of the future one-point entropy

Note that lemma (L1) and properties (A2) and (A3) still apply to S(∧). How-

ever, (A1) no longer applies, since S(∧) now depends on the choice of A, not just

on D[A]. In addition S(∧) has the following properties:

(D1) The future one-point entropy equals the one-point entropy if A

is its own past: If A = D−[A] then D+[A] = D[A], and it follows that

S
(∧)
A = S

(1)
A . In this case we also have φA = χA. Thus if S(∧) = φ then it

follows immediately that S(1) = χ.

(D2) The future one-point entropy is additive for spacelike separated

regions: Consider two spacelike separated regions A and B for which

D+[A] ∩ D+[B] = ∅. Now if D+[A] ∩ D+[B] = ∅ then it immediately

follows that D[A] ∩ D[B] = ∅. Therefore, exactly as in (B1), we can con-

sider the state ρA ⊗ ρB which differs from ρA∪B by correlations between A

and B. Since the constraints are not sensitive to such correlations we obtain

σA∪B = σA ⊗ σB and

S
(∧)
A∪B = S

(∧)
A + S

(∧)
B . (5.45)

Since D[A] ∩D[B] = ∅, boundary causality requires that there are no bulk

causal curves connecting D+[A] and D+[B]; hence

φA∪B = φA + φB. (5.46)
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(D3) The future one-point entropy obeys a non-trivial second law: Let

A and B be two surfaces such that D[A] = D[B] and let B lie nowhere to

the past of A. Then

S
(∧)
A ≤ S

(∧)
B (5.47)

due to the fact that the latter coarse graining has fewer constraints.

This matches the classical second law of causal horizons [207], which says

that for any causal horizon,

φA ≤ φB. (5.48)

In the case where C is a Cauchy surface, φC corresponds to a slice of the

global event horizon. In the case where D[A] is a simple causal diamond,

it corresponds to slices of an AdS-Rindler type causal horizon [208]. In the

most general case, it corresponds to the boundary of the past of some set

of points Z on the AdS-boundary. This is a slightly more general notion

of causal horizon than that considered by [208] (which required the causal

horizon to be the boundary of the past of a single future-infinite worldline)

but it still obeys a second law [245].

Note that although every choice of boundary slice B ∈ D[A] maps to some

slice φB of the causal horizon, the map is neither one-to-one, nor onto. If

the null surface shot out from B develops caustics before intersecting the

future horizon, then it is possible to modify parts of B without affecting φB.
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Similarly, for any given slice φ there is no guarantee that there exists any

dual choice of B, since a null surface shot out from φ may also develop caus-

tics. Nevertheless it is remarkable that, if our conjecture is true, there exists

an infinite-dimensional family of slices of the future horizon, whose (geo-

metrical) bulk second law is dual to a (thermodynamic) boundary second

law.

(D4) The future one-point entropy is a stronger coarse graining than the

one-point entropy: Since the maximization associated with S
(∧)
A involves

fewer constraints than that associated with S
(1)
A , it follows that

S ≺ S(1) ≺ S(∧), (5.49)

where we have also used (A2). Similarly from (D3) we have

S ≤ χ ≤ φ. (5.50)

(D5) The future one-point entropy thermalizes: Let Ct be a foliation of

Cauchy surfaces of a spacetime that starts as a small perturbation to AdS,

but ultimately settles down to one or more black holes. At early times,

by (D1), we recover

lim
t→−∞

S
(∧)
Ct (ρCt) = S

(1)
Ct (ρCt) = 0. (5.51)

But at late times, the black holes ring down and the field theory state ther-

malizes. In particular the one-point functions approach those of a thermal
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state, and we obtain

lim
t→∞

S
(∧)
Ct (ρAt) = SCt(ρthermal) = SBH . (5.52)

In the bulk geometry it follows from the causal structure of the spacetime

that

lim
t→−∞

φCt = 0, lim
t→∞

φCt = SBH . (5.53)

Again, we have used the limiting procedure of section 5.3.2 to exclude

Poincaré recurrences from our analysis.

There are also spacetimes which remain perturbatively close to AdS even

at late times (see e.g. [246]), for which φCt = 0 for all t. By the bulk

reconstruction argument of (B8) these are precisely the state for which we

would expect to have S
(∧)
Ct = 0 for all t as well, since the entire bulk geometry

can be reconstructed from one-point functions even at late times.

(D6) The future one-point entropy reduces to the fine-grained entropy

for states which are thermal with respect to geometric flows: By (B4),

if A is a spherical region of the boundary of vacuum AdS, a BTZ black hole,

or a Cauchy surface of an eternal black hole, then

SA(ρA) = S
(1)
A (ρA) = S

(∧)
A (ρA). (5.54)

This is also true for the associated bulk quantities even though ΦA 6= EA =

ΞA. This is because in each of these special cases, the future and past
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horizons of D[A] are stationary. As a result, ΦA is connected to ΞA by a

null congruence with zero expansion, so that χA = φA.

(D7) The future one-point entropy is bounded by a thermal entropy:

Just as in (B5), for any region A if ρthermal is a thermal state with modular

Hamiltonian H ∈ {Om} satisfying 〈H〉ρA = 〈H〉ρthermal
then

S
(∧)
A (ρA) ≤ S

(∧)
A (ρthermal). (5.55)

However, now we find that this bound is saturated not just by eternal black

holes, but also by collapsed black holes in the limit that A sufficiently far

to the future of the formation of the event horizon.

It is worth emphasizing again that if our conjecture S(∧) = φ is correct, then

the thermodynamic second law of S(∧) of (D3) is the bulk dual of the Hawking area

increase theorem [207], as applied to certain kinds of causal horizons [208, 245]. In

this way our proposal provides a quantum mechanical interpretation of the area

law in terms of a thermodynamic second law in the boundary theory.

5.5.3 Generalization to arbitrary boundary regions

The generalization of χ to φ suggests a further generalization to more general

bulk wedges. Consider two regions A− and A+ which have the same domain of

dependence D[A−] = D[A+] and for which A+ is everywhere to the future of

A−, i.e. A+ ∈ J+[A−]. A natural generalization of (5.44) is then to consider the
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A−

A+

ΨA± D[A±]

A
D[A]ΞA

∂+!A

∂−!A

1

Figure 5.8: A sketch of the construction of ΨA−,A+ described in the text.
D[A−] = D[A+] is the boundary domain of dependence of A± and ΨA−,A+

extends into the bulk (see text).

surface (see Fig. 5.8)

ΨA−,A+ = ∂+(J−bulk[A+]) ∩ ∂−(J+
bulk[A−]). (5.56)

Based on our previous experience it is tempting to conjecture that ψ := Area[Ψ]/4GN

is dual to a coarse-grained entropy S(1) whose constraints {Om} are all one-point

function supported in the region J+[A−]∩ J−[A+]. However, this proposal meets

with serious difficulties right away.

Let C− and C+ be two Cauchy surfaces on the boundary of the AdS vacuum so

that the region between C− and C+ forms a strip. The constraints associated with

this strip include the total energy of the spacetime, which vanishes for vacuum

AdS. Since the AdS vacuum is the unique state in the theory with E = 0, it

follows that S(1)
C−,C+ = 0 for any choice of C− and C+. Yet in the bulk, we have

ψC−,C+ = 0 only if C− and C+ are separated by an AdS light crossing time or more.

Therefore, we find that ψC−,C+ > S(1)
C−,C+ for certain choices of C−, C+.

It is hard to imagine how we might modify S(1) in order to make a credible
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candidate for the dual of ψ. One possibility is to introduce finite imprecision into

the constraints, roughly as proposed in footnote 8. In particular we would need to

the precision to depend on the width of the strip. This is in some ways reminiscent

of the Heisenberg uncertainty principle, which limits the precision with which the

energy can be measured by coupling to a classical system for a finite time. Bounds

of this kind were found in the “holographic thought experiments” of [92]. However,

it is unclear how to translate these ideas into a precise proposal for the dual of ψ.

A very different way of interpreting ψC−,C+ is put forward in [247, 228]. Bal-

asubramanian et. al. propose that ψC−,C+ measures the entanglement between

spatial regions separated by ΨC−,C+ , which in the field theory roughly translates

to entanglement between UV and IR degrees of freedom. It would be very interest-

ing to know if this entanglement entropy could be formulated as a coarse-grained

entropy which preserves the appropriate IR degrees of freedom.

5.6 Discussion

In summary, we have examined two coarse-grained entropies S(1) and S(∧) in

detail and found that they are plausibly dual to the causal holographic information

χ and the future causal information φ, respectively. We have tested these con-

jectures by finding shared properties, and eliminating several classes of alternate

proposals.

The evidence for our conjectures includes that i) both S(1) and S(∧) are additive,

as are their bulk duals (see (B1), (D2)), ii) S(1) = χ and S(∧) = φ for thermal

states and for the pure geon state (see (B2), (B4), (D6), (D7)), and iii) in certain
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circumstances, the classical bulk spacetime can be reconstructed from the one-

point functions (see (B7)), as discussed below. Additionally, for the future one-

point entropy, iv) S(∧) obeys a second law (see (D3)), and thermalizes in a way

which correctly reproduces the early and late time entropy of a collapsing black

hole (see (D5)).

Assuming that the dual of χ is a member of a particularly nice class of coarse

grainings, we can show that it must be the strongest such coarse graining. This

class consists of those coarse-grainings which preserve χ and map classical states

to classical states. If the dual of χ belongs to this class, then (at least for these

classical states) it must be the strongest possible such coarse graining, at order

N2. In certain perturbative contexts, we have shown that S(1) does indeed belong

to this class, and for the states Rχ=0 considered in 5.4.3 we have also shown that

it is the strongest. Even for perturbations to geometries with χ > 0, the bulk

reconstruction theorems discussed in (B7) suggest that it is still the strongest.

Our conjecture is on more dubious ground non-perturbatively, but we have

identified situations in which it can be tested using classical general relativity.

Several tests (some of which are non-perturbative) are listed in section 5.4.4. We

believe that experts will be able to falsify or confirm our conjecture using existing

analytic and numerical methods.

The most striking feature of S(∧) is that it obeys a nontrivial second law

(cf. (D3)). This allows us to describe the thermalization of CFT states, in a way

which—if our conjecture is correct—is dual to the Hawking area theorem in the

bulk. However, the second law is a general feature of any coarse graining based

on maximizing entropy subject to diminishing constraints. So this property is not
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unique to the one-point constraints. However the bulk reconstruction theorems

tell us that the one-point entropy thermalizes in a way which is qualitatively

similar to the collapse of a black hole as argued in (D5).

Finally we note that even though we have only analyzed the coarse-grained

entropies S(1) and S(∧) in the correspondence limit, these quantities are well defined

at finite N , if one includes all local operators as prescribed in section 5.4.1. Are

there still nice bulk duals for these quantities?

One can start by looking at the semiclassical regime. In the boundary, this

corresponds to taking the N → ∞ limit, yet keeping terms subleading in N . In

this regime, the area of the HRT must be surface be corrected by adding a term

which equal to the entanglement entropy across the surface [248]. In other words,

S on the boundary is dual to the generalized entropy of the HRT surface.

It is natural to suppose that χ and φ must be corrected in the same way.

Note that φ no longer obeys a second law because quantum matter fields can

violate the null energy condition. However, S(∧) still obeys a second law, and

so does the generalized entropy associated with φ [159]. But unlike χ and φ,

the generalized entropy is not additive. Perhaps this proposal can be saved by

restricting to connected boundary regions, or by including higher-point functions

at finite precision in N (cf. footnote 8).
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Chapter 6

Deriving the First Law of Black

Hole Thermodynamics without

Entanglement

6.1 Introduction

The Wald-Iyer theorem [249, 250] establishes that the first law of black hole

thermodynamics [96] is a general consequence of diffeomorphism invariance. In

the context of AdS/CFT, it has been shown by Faulkner et al. [23] that a special

case of the Wald-Iyer theorem has a precise microscopic interpretation as the ‘first

law of entanglement entropy’ [251]. This insight turned out to be very powerful,

as it led to a derivation of the linearized Einstein equation [23] from the Ryu-

Takayanagi formula [19, 20] (see also [198, 199, 200, 201, 22, 202]).1 Subsequent

1Note that the linearized EOM can also be derived (under a different set of assumptions)
from conformal invariance (see [252]).
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work extended this derivation to include universal coupling to matter [24] (with

an additional assumption argued for in [248]).

Given this recent success, it seems both interesting and important to answer

the question ‘What is the holographic dual of the Wald-Iyer theorem?’. In light

of the previous paragraph one might naively guess that the Wald-Iyer theorem is

the bulk dual of the first law of entanglement entropy, however, as we will show

below, this guess is incorrect. Instead we will argue that the Wald-Iyer theorem is

dual to a coarse-grained first law. More precisely, we will prove that for a certain

class of states defined in section 6.3

δSW = δS(1). (6.1)

Here SW is the Wald entropy, S(1) is the one-point entropy of [29], and δ is a

variation which acts infinitesimally on both the bulk spacetime and the boundary

density matrix. The one-point entropy (which we define in section 6.2) is a coarse-

grained measure of information that is only sensitive to the expectation value of

local operators (i.e. one-point functions) within a boundary causal domain of

dependence. Our main result is that (6.1) holds even for pure states, for which

the Wald entropy is not a measure of entanglement of the associated CFT state.

For many states, including the AdS-Rindler state considered in [23], (6.1) does

reduce to the first law of entanglement entropy δSW = δS, where S is the von

Neumann entropy. Still, there are two reasons why our interpretation of the Wald

entropy as a coarse-grained entropy is useful.

First, there are other states for which δSW 6= δS but (6.1) continues to hold.
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Examples of such states are

• topological-geon/single-exterior black holes [222]

• the “B-states” of [253], which model a CFT excited state after a global

quench (see [254])

• black hole microstates of either the fuzzy (see e.g. [255]) or fiery [256, 257]

persuasion

• the late time limit of a collapsed black hole.

What these states have in common is that, even though they are dual to pure

(or nearly pure) CFT states, they each have a bulk region which resembles a

black hole, including obeying a thermodynamic first law.2 This latter behavior is

captured by (6.1).

Second, a corollary of our result and [23] is that the linearized gravitational

equations of motion can also be derived from (6.1). This observation suggests

that it might be possible to derive gravitational equations of motion from a coarse

graining of the microscopic degrees of freedom, in the spirit of [259]. This proposal

could be tested by deriving the linearized equations using states for which S(1) 6= S

or by checking to see if (6.1) continues to hold beyond linear order.

Equation (6.1) also has implications for the proposal of [29]. In [29] it was

conjectured that, in the Einstein gravity limit, the one-point entropy could be

computed from the ‘Ryu-Takayanagi’-like formula

S(1)(ρA) =
Area[CA]

4G
=: χA. (6.2)

2See also [258].

175



Deriving the First Law of Black Hole Thermodynamics without Entanglement Chapter 6

A
D[A]CAEA

1

Figure 6.1: A sketch of a boundary region A, its associated domain of de-
pendence D[A], the causal information surface CA and the RT/HRT surface
EA [19, 20, 194]. D[A] lies on the AdS boundary while CA and EA extend into
the bulk spacetime. The wedge shaped region enclosed by D[A] along with the
bulk past and future horizons of D[A] (gray lines) is called the causal wedge of
A and denoted �A.

Here ρA is the reduced density matrix associated with a CFT region A, CA is

the intersection of the past and future horizons of D[A], D[A] is the boundary

domain of dependence of A, and χ is the causal holographic information (CHI)

of [25] defined above in (6.2).3 Since (6.1) is a first variation of (6.2) for a class of

special states, our proof of (6.1) provides new evidence for the conjecture S(1) = χ.

The organization of the rest of the paper is as follows. In section 6.2 we

review the definition of S(1) and briefly state some of the motivation for (6.2). In

section 6.3 we prove our main result δS(1) = δSW and provide examples of states

that satisfy the assumptions of our proof. In section 6.4 we summarize our results

and comment on their relationship to the related work of [228, 260, 261, 262]. In

Appendix A.3 we outline a strategy for testing (6.2) non-perturbatively.

3The proposal as stated applies only to Einstein-Hilbert gravity, but there is a natural gen-
eralization to higher derivative theories of gravity by replacing the Area functional with the
entropy functional of [108, 103, 104, 109]. In this note we will only be interested in cases for
which this entropy functional reduces to the Wald entropy.
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6.2 The one point entropy S(1)

In this section we briefly define and motivate the one-point entropy S(1), we

refer the reader to [29] for additional details. The one-point entropy is defined as

S(1)(ρA) = lub
τA∈TA

S(τA), (6.3)

where ρA is the reduced density matrix associated with a spacelike region A of

the CFT, S(τA) := −Tr[τA log(τA)] is the von Neumann entropy, and ‘lub’ stands

for the least upper bound, in this case over the states TA. Here, TA is the set of

all states τA which satisfy

Tr[O(x)τA] = Tr[O(x)ρA], x ∈ D[A], (6.4)

for all local, gauge invariant CFT operators O(x). In words, S(1)(ρA) is the least

upper bound of the von Neumann entropy of all state τA which reproduce the

one-point functions of all local operators in the domain of dependence D[A].4

Heuristically, we might imagine an experimental physicist performing all local

measurements in D[A] and trying to estimate the state ρA based only on this

data. Having no other information at her disposal, this experimentalist would be

justified in assigning equal probabilities to any state that reproduces her measure-

ments. The entropy of the resulting ensemble is precisely S(1)(ρA).

One feature of (6.2) is that it implies that Area[CA] can be expressed as a

function of local measurements in D[A]. In the large N limit CFT correlation

4See [220] for a non-holographic application of this type of coarse-graining.
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functions factorize and local measurements are roughly equivalent to measuring

all correlators at leading order in a 1/N expansion. This intuition along with

the bulk reconstruction literature [11, 12, 13, 14, 15, 16, 17, 18, 263] suggests

that, at least perturbatively, the one-point functions are sufficient to construct

the classical spacetime up to CA.

An important implication of (6.3) is that whenever the modular Hamiltonian

of ρ is local, we must have S(1)(ρ) = S(ρ). Recall that the modular Hamiltonian

H is defined for any positive definite ρ by the relation

ρ = Z−1 exp(−H), (6.5)

where Z = Tr[exp(−H)] and H is generically a complicated non-local operator.

If H is local (or more precisely the integral of a local operator) then 〈H〉τA is

fixed by the constraints (6.4). It is a standard result of thermodynamics that

ρ maximizes the von Neumann entropy subject to the constraint of fixed 〈H〉,

therefore (6.3) reduces to S(1)(ρ) = S(ρ). In AdS/CFT, H is local only for very

special states, such as stationary black holes and AdS-Rindler, and in all such cases

we find that the minimum area surface EA picked out by the Ryu-Takayanagi

(RT) conjecture [19, 20] (or equivalently the minimum area, extremal surface

picked out by the Hubeny-Rangamani-Takayanagi (HRT) conjecture [194]) and

the causal information surface CA coincide [25]. The RT/HRT conjectures state

that S = Area(EA)/4G, which implies that for these special states χ = S. Slightly

abusing the standard terminology, we will refer to states of this kind as ‘thermal’

even when H is not the generator of time translations.
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For any density matrix of the form (6.5) a simple calculation yields the first

law of entanglement entropy

S(ρ+ δρ) = S(ρ) + Tr[δρH] +O(δρ2). (6.6)

We will use this identity frequently below.

Finally, if we assume that CFT states with semi-classical bulk geometries are

appropriately generic (see (A.3)), then (6.2) reduces to a statement about the

classical equations of motion which in principle is testable. The interested reader

may consult Appendix A.3 for the details.

6.3 A Proof of δSW = δS(1)

In this section we prove (6.1) under a set of assumptions. We then provide

examples of states satisfying those assumptions.

6.3.1 The General Case

The assumptions for our proof of (6.1) are as follows. Let A be a spacelike

region of the CFT (possibly an entire Cauchy surface) and let ρA be the reduced

density matrix on A. We assume that:

1. The dual bulk state is well approximated by a semiclassical bulk geometry, at

least up to an order Planck length distance from the boundary of the causal

wedge �A (see Fig. 6.1). The rest of the bulk need not be semiclassical.
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2. The interior of �A is stationary with Killing vector t and is isometric to the

interior of another spacetime region �̂A which has a bifurcate Killing horizon

as its boundary. Let ξ be a Killing vector in the interior of �A, �̂A, which

vanishes on the bifurcation surface of �̂A. We fix the normalization of t and

ξ by requiring that, at the conformal boundary, t · t = −1 and ξ · t = −1.

3. The one-point functions of ρA are identical to the one-point functions of a

state ρth, where ρth is of the form

ρth = Z−1 exp(−Hth), Hth =

∫
Σ

naTabξ
b. (6.7)

Here Z = Tr[exp(−Hth)], Σ is a Cauchy surface of the boundary region

D[A], na is the associated unit normal, Tab is the boundary stress tensor,

and ξa is the pullback of ξ to the conformal boundary.

Assumptions (1) and (2) are needed so that we may invoke the Wald-Iyer

theorem. We were careful to word (2) so as not to require that the boundary of

�A be a Killing horizon. This distinction will be important later when we consider

geometries like the RPn geon which have an exterior region that is isometric to a

stationary black hole, but do not have a bifurcate Killing horizon.5

Assumption (3) expresses the intuition that stationary geometries are consis-

tent with thermal states. Known examples suggest that (3) holds if and only if (1)

and (2) also hold, which implies that it may be possible to derive (3) from (1)

and (2). It would be an improvement to eliminate (3), but for now we will take

5Note that the surface integral often used to calculate the Wald entropy arises from integrat-
ing a total divergence over a bulk Cauchy surface. For this reason the Wald entropy, properly
defined, is the same on �A and �̂A, which is why assumption (2) is sufficient for our purposes.
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it as an assumption and argue that it is satisfied for the states listed in the intro-

duction.

For simplicity we have not considered charged black holes, but it would be

straightforward to do so using the results of [264]. We now begin the proof.

Theorem: Assumptions (1)-(3) imply δSW = δS(1), where δ is a vari-

ation that acts infinitesimally both on the boundary state ρA and the

bulk geometry.

Our strategy will be to calculate δSW and δS(1) separately and compare the

answers. We begin with δSW . By assumptions (1) and (2) we may invoke the

Wald-Iyer theorem which states that

δSW = δH, (6.8)

where H is the canonical charge associated with the Killing vector ξ.6 It has

been shown explicitly [36, 70] (or more generally in [37]) that H is equal to the

holographic charge associated with ξ up to a term that is constant on the space

of solutions, i.e.

〈Hth〉 :=

∫
Σ

naTabξ
b = H + c, (6.9)

where Tab is the holographic stress tensor computed using the counter term sub-

traction prescription of [52, 53]. Since c is a constant on the space of solutions,

it will vanish when we take the variational derivative with respect to the bulk

6H is defined by the differential equation δH = ω(δφ,£ξφ), where ω is the symplectic struc-
ture, £ξ is the Lie derivative along ξ, and φ represents the metric and any other field content
of the theory. We have chosen conventions which set the temperature to unity.
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solution, so we may rewrite (6.8) as

δSW = δ 〈Hth〉 . (6.10)

Now we turn to calculating δS(1). Let the variation of the bulk geometry

considered above correspond to a variation of the density matrix

ρA → ρA + δρ. (6.11)

We now wish to compute

δS(1) = δS(1)(ρA + δρ)− S(1)(ρA) +O(δρ2). (6.12)

It turns out to be useful to consider the family of states ρA + α δρ, where α is

an arbitrary constant. Recall from section 6.2 that S(1) is calculated by maxi-

mizing the entropy over states which satisfy a constraint of the form (6.4). By

assumption (3), ρA + α δρ must have identical one-point functions to ρth + α δρ,

therefore

S(1)(ρA + α δρ) = S(1)(ρth + α δρ) ≥ S(ρth + α δρ), (6.13)

where the last inequality follows from the definition (6.3).

Also by assumption (3) we have S(1)(ρth) = S(ρth) because ρth has a local

modular Hamiltonian (by the argument given just below (6.5)). Inserting this
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relation into (6.13) and using (6.6) gives

α
(
δS(1) − Tr[δρHth]

)
+O(α2) ≥ 0, (6.14)

This inequality must hold for arbitrary α, therefore the term in parenthesis van-

ishes,7 and

δS(1) = δ 〈Hth〉 . (6.15)

Comparing (6.10) and (6.15) we see that the proof is complete. We now prove a

corollary which will be used below.

Corollary: Under the same assumptions as above, δSW = δS(ρA) if

and only if ρA = ρth for ρth as defined in (6.7).

If ρA = ρth then it follows immediately from (6.6) and (6.10) that

δS = δ 〈Hth〉 = δSW . (6.16)

Conversely, say that δSW = δS for all δρ. It then also follows from (6.6) and (6.10)

that

Tr[δρHth] = Tr[δρHA], (6.17)

where HA is the modular Hamiltonian of ρA. But (6.17) can only hold for arbitrary

δρ if HA = Hth, which implies that ρA = ρth. This completes our proof of the

7Thanks to Aron Wall for pointing out that my original argument could be considerably
simplified.

183



Deriving the First Law of Black Hole Thermodynamics without Entanglement Chapter 6

ρL ρR ρG

(a) (b)

3

Figure 6.2: (a) A causal diagram AdS Schwarzschild. The reduced density
matrix ρL is an example of a state for which δSW = δS. (b) A causal diagram
of the geon spacetime described in the text.

corollary.

6.3.2 Stationary Examples

There are many examples of states which satisfy assumptions (1)-(3). One

natural example comes from the thermofield double state, which is dual to the two

sided AdS-Schwarzschild geometry [265]. If we let L be a Cauchy surface of the left

boundary (see Fig. 6.2(a)), then �L is the exterior region of AdS-Schwarzschild,

which satisfies (1) and (2). The reduced density matrix of the left asymptotic

region, ρL, is already of the form (6.7), therefore (3) is satisfied. Additionally, ρL

satisfies the condition of the corollary, therefore δS(1) = δS and (6.1) reduces to

the first law of entanglement entropy.

As promised in the introduction we will now show that there exist states for

which δS(1) 6= δS but (6.1) still holds. By the corollary proved in section 6.3.1

this amounts to showing that there exists a state satisfying assumptions (1)-(3)

for a density matrix ρA that is not a thermal state of the form (6.7).
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In fact there are large classes of such states. One class of examples are known

as topological geons [222]. A simple example of a geon is the (AdS) RPn geon

(see e.g. [149]). This solution can be constructed from a t = 0 Cauchy slice

of maximally extended AdS-Schwarzschild by taking a Z2 quotient about the

bifurcation surface B and identifying antipodal points on B. The resulting surface

has a topology RPn where n is the dimension of the Cauchy surface, hence the

name. The maximal evolution of this new surface is a smooth spacetime with one

asymptotic region (see Fig. 6.2(b)).

Let G be a Cauchy surface of the geon boundary with associated density matrix

ρG. By construction the interior of �G is identical to the exterior of the AdS-

Schwarzschild black hole, therefore the CFT state ρG satisfies assumptions (1)

and (2). Furthermore, by the usual AdS/CFT dictionary the one-point functions

of ρG are identical to the one point functions of ρL, the density matrix of the left

boundary of AdS-Schwarzschild.8 So the state ρG also satisfies assumption (3).

It only remains to show that ρG 6= ρL. This is most easily seen by calculating

the entropy of both states. The entropy of ρL is given by S(ρL) = SW ∼ N2. The

geon geometry, on the other hand, has vanishing Ryu-Takayanagi entropy, which

implies that the entropy ρG is parametrically smaller than N2. Other arguments,

given in [265] and explained in detail in [266] (see also [223, 267, 232]) indicate

that ρG can be chosen to be a pure state.9 Therefore, by the corollary proved in

8Modulo an issue related to choice of conformal frame, which is non-trivial in the presence of
a conformal anomaly (see [266]). However, this anomaly term only modifies Hth by a constant c
as in (6.9), which we have already accounted for. Thanks to Kostas Skenderis for pointing this
out to me.

9Up to this point we had not completely specified ρG .
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section 6.3, ρG is a state for which

δSW = δS(1) 6= δS. (6.18)

As mentioned in the introduction, another state satisfying assumptions (1)-(3)

is the B-state constructed in [254] and studied holographically in [253]. This state

is a pure CFT state meant to model a global quench, in which the Hamiltonian of

the theory is changed abruptly. Hartman and Maldacena [253] argued that bulk

geometry of the B-state can be obtained by slicing the maximally extended AdS-

Schwarzschild geometry in half and terminating the spacetime in an end of the

world brane. They then used the Ryu-Takayanagi proposal to reproduce the time

evolution of the entanglement entropy calculated in the field theory by Calabrese

and Cardy [254].

It follows immediately from the construction described above that the B-state

spacetime has a conformal diagram like Fig. 6.2(b) and satisfies (1)-(3) by the

same arguments as in the geon case. Since the B-state is pure, (6.18) also follows

just as for the geon states.

As our last example we consider the firewall [256, 257] and fuzzball (see [255])

proposals. Both proposals predict that black hole states are ensembles of pure

states each of which matches the classical geometry from asymptotic infinity up

to a few Planck lengths from the horizon, and beyond this stretched horizon

the semiclassical description fails. These microstates—which have been explicitly

constructed for certain external black holes (see [268, 269, 270] for a review)—

provide another example of pure states which satisfy (1)-(3).
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6.3.3 Collapsed black holes

Another interesting class of pure (or nearly pure) state black holes are given

by black holes formed from collapse. States of this kind satisfy (1) but not (2)

because the resulting geometry is not stationary. As a result, we cannot directly

apply the theorem of section 6.3 to these states. However, we can make some

progress if we consider collapsed black holes that asymptote to stationary black

holes at late times.

Let ρC be a state describing a black hole formed from collapse that settles down

to a stationary black hole defined on a Cauchy surface C. Let ρth be a thermal

state of the form (6.7) dual to that stationary black hole, and assume that the

one-point functions of ρC and ρth agree in the late time limit.

Now consider a perturbed state ρC + δρ which also asymptotes to a stationary

black hole dual to the thermal state ρ̃th. By our assumptions, the difference in the

Wald entropy δSW between ρC and ρC + δρ at late times is equal to the difference

in the Wald entropy between ρth and ρ̃th (calculated at any time, since these black

holes are stationary). We can now apply our theorem and obtain

lim
T→∞

δSW = δ 〈Hth〉 = δS(1)(ρth), (6.19)

where Hth is the modular Hamiltonian of ρth, T parameterizes a foliation of the

collapsed black hole horizon, and δS(1)(ρth) is the difference of the one-point en-

tropy between the two stationary black holes.

Eq. (6.19) equates δ 〈Hth〉 and δS(1)(ρth), but the latter quantity is not the same

as δS(1)(ρC). This is because the one-point functions of ρC and ρth only agree at
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late times. However the one-point entropy can be generalized to capture only the

late time behavior of the black hole. This generalization was called the future one

point entropy S(∧) in [29] and is defined as in (6.3) and (6.4) with the replacement

D[A] → D+[A]. That is to say, S(∧) is a coarse-grained entropy that constrains

the expectation values of local operators in the future domain of dependence of

A. It follows immediately from this definition that S(∧) also satisfies a second law

in the sense that ∂tS
(∧)(ρAt) ≥ 0, where At is a foliation of D[A].

It follows from our assumption that the one-point functions of ρC and ρth only

agree at late times (along with an additional assumption that S(∧) is suitably

continuous) that

lim
T→∞

δSW = lim
t→∞

δS(∧)(ρCt), (6.20)

where Ct a foliation of the boundary spacetime. This is the analog of (6.1) for

black holes formed from collapse. It would be interesting in future work to compare

these two quantities at large but finite times t, T .

6.4 Discussion

In this note we have shown that the bulk first law for a class of stationary

geometries is dual to the coarse-grained first law associated with the one-point

entropy S(1) and that there exist CFT pure states for which this coarse-graining

is necessary for (6.1) to hold. Our results imply that SW is not strictly a measure

of entanglement in the CFT.

It remains to ask if our results are unique, i.e. is S(1) the only coarse-grained
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entropy which is equal to the Wald entropy to linear order? The answer turns

out to be no, any coarse-grained entropy which fixes the expectation value of

the modular Hamiltonian will do the job. To be definite let S(0) be a coarse-

grained entropy that fixes all global charges, in our case the total energy and

angular momentum. Because the first law of entanglement entropy is only sensitive

to the change in the expectation value of the modular Hamiltonian, we have

δS(0) = δS(1) = δSW .

However, it is easy to see that S(0) is not equal to SW beyond linear order.

This is because S(0) is always equal to the Wald entropy of a stationary black hole

with given energy and angular momentum, so for generic states the second law

requires that SW < S(0). This implies that if there exists a coarse-grained entropy

which is equal to SW to all orders it would need to constrain more of the state than

just the global charges. It was argued in [29] that S(1) is a natural candidate for

such a coarse-grained entropy. See section 4.3 of [29] for a discussion of alternate

proposals.

We conclude by discussing the relation of our results to the recent work

of [228, 260, 261, 262]. Refs. [228, 260, 261] developed a formula for comput-

ing the area of closed bulk surfaces in terms of a quantity called the differential

entropy. The differential entropy explicitly makes use of locally-extremal (but

not necessarily minimal) surfaces. It was then argued in [262] that non-minimal

extremal surfaces in AdS2+1 measure CFT ‘entwinement’, defined as the entan-

glement entropy between degrees of freedom which are not necessarily spatially

localized. This interpretation refines the proposal of [228] that the differential en-

tropy measures the information that is not accessible to a family of causal observes
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in a finite amount of time.

The causal information surface CG (see Fig. 6.1), where G is a boundary Cauchy

surface of the geon spacetime mentioned above, provides in interesting setting

for studying these proposals.10 For this surface, the differential entropy takes a

particularly simple form, it is given by the area of a single locally-extremal (but

not minimal) surface. The one-point entropy can also be calculated exactly and

agrees with the area of this surface (as predicted by the conjectured formula (6.2)).

Curiously, the same surface is singled out by both the differential entropy and

S(1), but for different reasons. The surface CG is a simple measure of entwinement

because it is an extremal surface and it is conjectured to be a measure of the

one-point entropy because it lies at the intersection of causal horizons. It would

be interesting to understand how these measures of information are related as the

spacetime is perturbed and the extremal and causal surfaces no longer coincide.

Unfortunately, this difference does not show up in our linearized analysis precisely

because the surface is extremal and therefore the area is not sensitive to the

position of the surface at linear order. It seems that what is needed are more

powerful methods of calculating S(1) both for testing (6.2) and for comparing S(1)

with the differential entropy.

10More precisely we are interested in the limit as we approach CG from the black hole exterior.
The quotient used to construct the RPn geon introduces an unphysical discontinuity in the area
of spheres at CG , but the limit is well behaved.
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Conclusions

In this dissertation we have studied several implications of bulk causality for

holographic field theories. After resolving a puzzle relating to deriving the Ryu–

Takayanagi proposal in higher curvature theories of gravity in chapter 3, we

showed in chapter 4 that boundary causality implies a quasilocal constraint on

the CFT stress tensor in the form of the ANEC. In chapters 5 and 6 we studied

the properties of causal wedges and a family of coarse grainings of the CFT state.

We found that a natural candidate for the CFT dual of the causal holographic

information χ was given by the one-point entropy S(1).

Each of these results opens several new questions that would be interesting to

pursue in the future. The main result of chapter 3 is that there exists an analytic

continuation of the replica manifold with the features needed to extend the Ryu–

Takayanagi conjecture to perturbative Gauss–Bonnet gravity. It remains an open

question whether this construction continues to hold non-perturbatively, and if

it exists for more general gravitational theories. If so, it is still not yet clear if
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there are any special features that distinguish this analytic continuation of the

metric as the physically correct choice for computing the entanglement entropy.

The hope of this line of research is that it will lead to an improved derivation of

the Ryu–Takayanagi formula and possibly shed light on why the formula is true.

The proof of the ANEC in chapter 4 was restricted to Minkowski space, but

there are generalizations of the ANEC (e.g. the achronal ANEC) which are be-

lieved to hold in curved spacetimes. By extending our arguments to more gen-

eral spacetimes we might hope to learn more about how holographic theories are

constrained by causality. Additionally, the proof of the ANEC only probes the

asymptotic region of the spacetime, however boundary causality places restrictions

on all bulk curves, even those that extend deep into the bulk. In the boundary

theory these constraints involve complicated non-linear functions of the stress ten-

sor. It would potentially be very interesting to develop a complete theory of these

constraints and understand their significance for the CFT.

Finally, the results of chapter 5 and 6 leave many questions unanswered, how-

ever the path forward is clear. Using the reformulation of S(1) = χ given in

section A.3 below it will eventually be possible to prove or falsify this conjectured

equality. Either way, understanding the way in which the local boundary data

constrains the bulk spacetime will provide some new insight into how the CFT

encodes bulk causality.

The ultimate hope of this program is that locating the features of the theory

responsible for bulk causality will lead to a more complete understanding of how

the Einstein equation (1.4) manages to hide inside the field theory defined by (1.5).
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Appendix A

Coarse-grained entropy details

A.1 χ-preserving coarse grainings

As mentioned in section 5.3.3, it is natural to ask if the restriction of (5.24) to

states with classical coarse grainings can be dropped. In this appendix we show

that the answer to this question is no.

Consider a coarse graining with the single constraint that 〈χ̂〉 be held fixed,

where 〈χ̂〉 is some linear quantum expectation value which equals χ for classical

states. This coarse graining, which we call S(χ̂), cannot be the dual of χ. Consider

any Cauchy surface C and state ρC for which χC = 0. The entropy S
(χ̂)
C (ρC) counts

all states for which χC = 0. Because the volume of AdS is infinite, there are

an infinite number of such states even at finite N . Therefore S
(χ̂)
C (ρC) diverges

(beyond the usual N2 divergence) in the correspondence limit.

S(χ̂) is therefore pathological since it assigns infinite entropy to a pure state.

However, we can easily tame this divergence by adding a second constraint
〈∫

Ttt
〉
,

193



Coarse-grained entropy details Chapter A

which for a Cauchy surface C is simply the total energy E of the spacetime. Call

this new coarse-grained entropy S(χ̂,E). Now the state counting for ρC includes all

ways to collapse a black hole of a particular energy, including very slow collapses

(e.g. the time reversal of Hawking evaporation for a sufficiently small black hole).

This quantity is finite but still of order N2, which implies

S
(χ̂,E)
C (ρC) > χC. (A.1)

We have not violated the inequality (5.24) because (5.24) only holds when the

coarse-grained state σC is classical. However, all of the classical states satisfying

the constraints of S(χ̂,E) have the same (vanishing) von Neumann entropy (since

SC ≤ χC = 0 for all such classical geometries). Hence the coarse graining σC is a

mixture of an infinite number of classically distinguishable states, and therefore

it is non-classical.

A.2 Boundary sources

As mentioned above, we only conjecture that χ is dual to a coarse-grained

entropy for theories with time-independent Hamiltonians (i.e. in the absence of

boundary sources). We now explain the reason for this restriction.

Let S be any coarse graining and let ρA be any state which satisfies the con-

ditions of (L1) so that SA(ρA) = SA(ρA). An important feature of (L1) is that

nothing is assumed about the time evolution of ρA within D[A], except that it

is unitary. It therefore applies even if we insert boundary sources, which can

potentially increase χA.
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AEA ΞA

(a)

χA = SA

AEA ΞA

(b)

χA > SA

AEA ΞA

(c)

χA > SA

3

Figure A.1: Various insertions of sources on the vacuum AdS boundary. In
each figure the solid line to the right represents the AdS boundary and A is a
spherical region. (a) By causality EA is unperturbed by the sources however ΞA
is moved due to focusing of light rays (shown schematically by the dashed lines).
However this focusing does not change χ since the past horizon has vanishing

expansion. (b) An ingoing and outgoing source which gives χA > SA = S
(1)
A .

This would lead to a contradiction in situations where H ∈ {Om}, since we

can always add or remove boundary sources to achieve SA(ρA) < χA(ρA) (see

Fig. A.1).

This includes the case in which A is a Cauchy surface and the bulk geometry

is a stationary black hole. In this case the modular Hamiltonian is a linear combi-

nation of energy, angular momentum, gauge charges, etc. It is hard to imagine a

χ-preserving coarse graining which does not constrain any of these quantities, and

yet which does not suffer from the same problems as S(χ̂,E) (see appendix A.1).

For this reason we will restrict our attention to theories without any boundary

sources turned on.
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A.3 Testing S(1) = χ

In this appendix we propose a testable conjecture about the Einstein equation

which, if true, could provide substantial evidence for (6.2). Attempts to carry out

these tests are ongoing and will be reported separately.

Let s be a smooth, asymptotically locally AdS solution to the vacuum Einstein

equation. Let gµν , T
µν be the boundary metric and stress tensor of s and let A

be some spacelike region on the boundary. Now let S be the set of all smooth

asymptotically AdS solutions s̃ with boundary data g̃µν , T̃
µν such there exists a

region Ã on the boundary of s̃ which satisfies

gµν(x) = g̃µν(x), T µν(x) = T̃ µν(x), x ∈ D[Ã]. (A.2)

These classical solutions S capture some subset of the quantum states SA ⊂ TA

over which we would like to maximize the von Neumann entropy in order to

evaluate (5.25).

Now we introduce a new assumption. Say that,

lub
τA∈TA

S(τA) = lub
σA∈SA

S(σA). (A.3)

If this assumption holds we may calculate S(1) by considering classical geometries

only, and maximizing the entropy reduces to maximizing the area of the extremal

surface EA (see Fig. 6.1) over geometries in S. It should be noted that (A.3) holds

whenever we have to date been able to calculate S(1) (including the perturbative

results established in section 6.3).
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Assuming (A.3), then the conjecture (6.2) makes two predictions about S:

• every solution s̃ ∈ S should satisfy Area[CA(s̃)] = Area[CA(s)] , and

• Area[CA(s)] = lub
s̃∈S

Area[EA(s̃)].

The first claim follows from the fact that (6.2) implies that χA is a function only of

the boundary data in D[A] which is being held fixed by (A.2). The second claim

is simply a combination of our assumption (A.3) and (6.2). We should note that

if the first claim Area[CA(s̃)] = Area[CA(s)] is true, then it follows from existing

results [25, 195] that Area[CA(s)] is an upper bound on Area[EA(s̃)] (but not that

it is the least upper bound).

These conjectures, even if they are difficult to prove in any generality, can

in principle be tested by constructing solutions numerically. Such tests have the

potential to provide strong evidence for (or to conclusively falsify) (6.2).
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